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INTRODUCTION 
Problem Statement 
The 600 kilometer Transgabon Railroad in the Republic 
of Gabon, West Equatorial Africa, has been recognized as one 
of the major construction projects in the world. The heavy 
tropical rains and mountainous terrain, plus the enormous 
quantities and variable properties of embankment materials, 
commanded much attention. Engineers have been presented with 
many challenges during design and construction. 
For a structure to function satisfactorily, use of the 
facility must be maintained with least cost and interruption 
of service. In the design of railway embankments for modern 
high speed trains, deviation from a constant grade and 
differential settlement between rails are strictly controlled. 
Rail deformation must be predicted during design, acceptable 
limits selected, and a foundation system developed to prevent 
excessive displacement. It is, therefore, necessary to 
accurately analyze potential for deformation of compacted 
embankments and underlying material. 
One fifty-kilometer section of the Transgabon Railroad 
project encountered a very fine-grained embankment material 
in multicolored strata which seemed constant in texture. 
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Routine laboratory tests classified the material by the 
AASHTO system as A-4, borderline to A-5, with a high liquid 
limit and low plastic index. Worldwide occurrence of 
embankments composed of this type of material, is uncommon. 
Design and performance information is scarce. 
Embankments up to thirty-five meters in height were 
built with this material compacted directly on bedrock. 
Frequent in situ moisture content and unit weight measurements 
were made during construction. Embankments contained a 
colored mixture of material, as different colored strata in 
areas of excavation were inclined, sometimes vertical, and, 
therefore, mixed during earthwork operations. Proposed em­
bankment areas were mucked out, the bedrock exposed, and com­
pacted fill placed thereon. Probability of bedrock settlement 
was minimal, thus leaving potential movement of rails 
dependent upon characteristics of the compacted embankment. 
Prediction of field behavior of engineered structures is 
a process involving interpretation of engineering tests and 
application of established scientific principals. Certain 
material properties are necessary to define the tendency of 
a compacted fill to undergo strain, which would result in 
displacement of the track bed. Typical laboratory test 
results are used to calculate soil properties which in turn 
are used to predict in-situ earth pressures causing 
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deformation. The resultant is based on a series of 
assumptions and estimations generally relating to the actual 
field situation. 
Successful operation of the Transgabon Railroad depënds 
on the performance of this unusual embankment material. It 
was not known how well ordinary design application of 
standard test results on schist would predict the behavior 
of such an uncommon material. Nor was the change in proper­
ties with color or depth of strata established. A technique 
of rapid testing and accurate analysis was desired. This 
would enable examination of larger numbers of samples for 
statistical evaluations and more realistically predict field 
behavior of compacted embankments. 
Background 
Historical development 
The colony of Gabon, a part of French Equatorial Africa, 
proclaimed independence on August 17, 1960. The Republic of 
Gabon lies on the equator on the west coast of Africa and 
has a surface area of less than 105,000 square miles (270,000 
square kilometers), about the size of the State of Colorado. 
With fewer than one million inhabitants, there are more than 
forty distinct tribes of which three comprise over sixty per­
cent of the total population. French is the official language. 
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This developing Third World Country has been putting 
profits from abundant natural resources to good use. While 
the existing cities and towns and transportation facilities 
were being improved and expanded, plans were being made for 
a new deep-water port, and a railroad that could reach into 
mountainous rain forests, rich in minerals and tropical 
woods. By 1966, plans called for a 350 mile long (560 kilo­
meter) railroad to be in operation before 1975. The port at 
Owendo was completed in 1973, ten kilometers down the coast 
from the capital city, Libreville. In Owendo on December 30, 
1973, the first tie for the Transgabon Railroad was placed 
by the Chief of State, President El Hadj Omar Bongo. 
The following June, 1974, in Brussels, the European 
Development Foundation gave very favorable opinions for the 
Transgabon Railroad and made available two billion francs CFA 
(CFA-Central African Franc, one franc CFA has a constant 
parity of 50 French francs - the credit was over nine million 
U.S. dollars). They noted that the railroad would permit 
doubling the production of precious tropical hardwoods, open 
the exploitation of iron ore deposits, accelerate the 
production of manganese, and develop the agricultural 
industry (35, 83). 
Financing 
In 1973, the Republic of Gabon produced 7,600,000 metric 
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tons of-crude oil which sold for an average of 2.48 U.S. 
dollars per barrel. Production was estimated at over 
10,000,000 metric tons for 1974, with a barrel of top grade 
crude oil priced at 13.79 U.S. dollars at midyear. In June, 
1979, the Organization of Petroleum Exporting Countries, of 
which Gabon is a member, meeting in Geneva raised the base 
price to 18 U.S. dollars per barrel. These "petro dollars" 
provided the initial economic basis for financing of the 
Transgabon Railroad. 
Various other sources of financing backed the developing 
country's ambition; the governments of France, Italy, Germany, 
United States, Japan, and Zaire, some private British inter­
ests, the European Economic Community, Citibank, and the 
African Development Bank. In spite of the rejection of this 
project by the World Bank as too costly, with a credit of over 
twenty-four billion francs CFA (over 100 million U.S. dollars) 
plus a commitment of fifteen billion francs CFA-- (68 million 
U.S. dollars) by Gabon from its petroleum sales, 1974 saw a 
full-scale effort towards construction of the Transgabon 
Railroad (35, 83). 
By 1975, a consortium of fourteen European international 
contruction companies had signed a six year contract with 
OCTRA, the Office du Chemin de Fer Transgabonais; the official 
branch of the Gabonese government in charge of all phases of 
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the design, construction, and operation of the railroad, 
under the direction of Charles Tsibah, Directeur General of 
OCTRA. The initial contract was for two sections, from the 
industrial city of Owendo to Booue (206 mi., 332 km), and 
from Booue to Franceville (233 mi., 375 km). A third 
section from Booue to Belinga in northeastern Gabon (142 mi., 
229 km) is under design, as is a new mineral port just north 
of Libreville at Santa Clara (Figure 1). 
Economics 
Completion of the first section (Owendo-Booue) would open 
a new zone of forest exploitation of nearly 12,000 square 
miles (3 million hectares), representing 27 million metric 
tons of wood, and increase the present annual production of 
1.2 million metric tons. Already the world's leader in the 
production of Okoume, a wood used to manufacture plywood, 
Gabon's annual Okoume production of one million metric tons 
could be doubled. Transportation cost by road of 20 francs 
CFA per metric ton per kilometer would be lowered to 3.6 
francs CFA by rail (35, 83). In addition, industries 
associated with lumbering, i.e. lumber mills and cellulose 
factories, are looking towards locations along the railroad 
in the interior for the development of near-the-source 
installations. 
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Figure 1. Map of the Republic of Gabon 
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The section from Booue to Franceville would serve the 
Mouanda manganese mines, which were opened in 1962, and pro­
duced about two million metric tons in 1973. This deposit is 
estimated at over 300 million metric tons. Present trans­
portation consists of a 47 mile long (76 kilometer) cable 
car system with 3000 cars supported by pylons, the tallest of 
which is as high as a 35 story building. This teleferic [or 
telepher) goes south into the Republic of the Congo and dis­
charges ore into railroad cars which then go to the port near 
Pointe-Noire. Annual production could be raised to 3.5 
million metric tons with the arrival of the Transgabon Rail­
road, targeted for 1980 (55, 56, 83). 
The region penetrated by this section of the railroad 
would be made available for forest exploitation. The 
production of uranium concentrate from the mines near Mounana 
could be increased from the 1973 output of 1412 metric tons 
to over 3600 metric tons per year. Development of the 
entire region would be made possible and a future connection 
with the Congolese rail system could be studied. 
The section from Booue to Belinga would permit the 
opening of one of the largest iron ore deposits in the world-
Estimated at over one billion metric tons, the ore has 
exceptional iron content of 62%. The railroad could trans­
port 20-25 million metric tons of ore per year to the 
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proposed mineral port at Santa Clara. 
Importance of the Transgabon Railroad to the national 
economic development of the Republic of Gabon is easily seen. 
Once operating (presently about 118 mi., 200 km of track are 
in daily operation), any interruption in traffic flow would be 
reflected in the economy. In the interior, if the daily 
arrival of basic commodities such as food and fuel were 
stopped, shortages could be quickly created. Trucks could be 
used to transport necessary goods if tropical rains do not 
make roads impassable, but the time required for organization 
and transport would not prevent depletion of existing stocks. 
If trains were not running, shipments of produce to the 
coast would be halted, causing export stockpiles to accumulate 
in available space. A lengthy stoppage could cause production 
to be decelerated, affecting the economy to a greater depth. 
This would be in addition to the direct costs of reestab^ 
lishing railroad operations, which could be minimal for a 
minor problem of short duration. However, it would be 
desirable to more accurately predict the possibility of 
problems which may result in blocking traffic for days at a 
time. 
Design and maintenance 
The railroad follows lowlands, plateaus, and river 
valleys whenever practicable, and goes around mountains, 
some with peaks over 5000 ft (1500 m) high. Required design 
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of flat grades and large curves for the 50 mi/hr (80 khi/hr) 
operation of 100 metric ton (gross weight) ore cars results in 
high cuts and fills. In the first 150 mi. (250 km), rails re­
main below an elevation of 328 ft (100 m) after having passed 
through one mountain range requiring construction of a 
tunnel 938 ft (286 m) long. Cut and fill heights of over 
98 ft (30 m) were not uncommon in the latest areas of con­
struction. Construction problems were abundant. The harsh 
tropical climate and high rainfall tax the maintenance 
operations of OCTRA. Already repair and maintenance of some 
sections in operation have been cause for concern. 
Climate 
The equatorial climate of Gabon is typical of the 
tropical areas. The dry season lasts only three months, July 
through September. Most of the rest of the year is the 
rainy season. Annual rainfall varies from 63 in. (1600 mm) in 
the interior, to 158 in. (4000 mm) on the coast. Two-thirds 
of the country is covered by a tropical rain forest. Day­
time temperatures at times exceed 113° F (45° C). Depth of 
bedrock weathering extends vertically dozens of feet (34, 40, 
76). 
Geology 
In support of presently accepted plate tectonic theories, 
geology of the western coast of Africa has been investigated 
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and compared to the eastern coast of South America. 
Interesting similarities have been observed between the 
coastal basin of Gabon and the two Brazilian sedimentary 
basins of Reconcavo-Tucano and Sergipe Alagoas (1, 2, 5). 
Close similarities are found with non-marine lower cretaceous 
sediments (Bahia Series) and have been reinforced by faunal 
studies. Even stratigraphie and lithogic details compare 
favorably. At least thirty species of ostracods (faunas) are 
common to both countries, where they form the same strati-
graphic sequence. To achieve these comparisons, careful and 
thorough examinations of the geology and terrain of Gabon 
was necessary. 
Supporters of the Wegener theory of continental drift 
date disjunction between the African and South American con­
tinental plates from a time interval between the Lower and 
Middle Cretaceous periods. Some published geologic maps 
identify the bedrock of the coastal flatlands of Gabon as 
undifferentiated Mesozoic and Cenozoic, while others present 
boundaries between Upper and Lower Cretaceous with details 
of sedimentary series (1, 2, 5, 34, 37, 40, 76). The Trans-
gabon Railroad originates on flat coastal lowlands and after 
crossing over 94 mi. (150 km) of Cretaceous bedrock, covered 
by marshes, arrives at the foothills of the Crystal Mountains, 
with an abrupt change in geology and topography. 
12 
The interior of Gabon is mountaineous and highly eroded. 
Predominant bedrocks are Precambrian schists, quartzites, 
granodiorites and granites. Upon leaving Cretaceous terrain, 
the railroad passes through nearly 19 mi. (30 km) of folded 
and faulted bedrock mapped as sericitic schists and graphitic 
quartz before arriving at the Ogooue River valley. For the 
next 225 mi. (380 km) the railroad generally follows the 
river valley, where encountered bedrock gradually becomes 
more durable, and micaceous schist increases in occurrence. 
Materials sampled for the study reported herein were 
taken from two sites within the railroad right-of-way, one 
just prior to its junction with the Ogooue River near the 
town of N'djole; the second (a greyish micaceous schist) was 
taken from a cut section 19 mi. (30 km) upstream along the 
Ogooue River. 
Allard and Hurst (1, 2) made extensive field examinations 
while looking for evidence of continental drift. Following 
studies in Brazil, time was spent in central Gabon examining 
fresh road cuts of the national route between Bifoun and 
Lalara, which passes through N'djole. As rocks in the N'djole 
area were found to be very similar to those observed in Brazil, 
a complete study was made of road cuts in the area. 
The "N'djole schists" have been mentioned by several 
authors, but they did not have the benefit of recent road 
cut exposures, many of which are seen to be up to 
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100 ft high [30 m). Traveling deeper into the rain forest, 
Allard and Hurst saw the change in metanorphic grade, which 
was previously thought to be two different series. The contin­
uous change in degree of metamorphism increasing from west 
to east is easily observable today. Allard and Hurst reported 
that along the western limit, metasediments have metamorphosed 
to the quartz-albite-muscovite-chlorite subfacies of the 
greenschist facies described b; Winkler (94). 
The first noticeable change in metamorphic grade is in 
the more pelitic beds with a slight coarsening in texture and 
a change from phyllites to a quartz mica schist. Amount and 
size of porphyroblasts of Muscovite, biotite, and garnet 
gradually increase. Phyllites and other metasediments found 
around N'djole grading into garnet mica schists northeastward, 
was reported to be identical to those in an area in Brazil. 
Tightly folded metasedimentary rocks around N'djole 
were described as characteristic of eugeosynclinal conditions 
of accumulation. Many varieties of phyllites were noted in 
road cuts including grey microcrinkled phyllites, silty 
phyllites, red phyllites, grey phyllites, tan phyllites, 
graphitic black phyllites, metasiltstones, massive metagrey-
wackes, metagreywackes with graded bedding, metavolcanics, 
and impure metasandstones varying from impure types to 
nearly pure quartzites. Common and randomly oriented 
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occurrence of quartz veins was thought to be due to a 
"sweating out process" and was the only evidence of post-
deformation injections. 
Samples taken from the railroad right-of-way for re­
search presented herein varied in color from white, yellow, 
and shades of red, to grey and black. Samples could be almost 
entirely pulverized with the fingers to a slick, greasy 
textured fine powder. 
Metamorphic mineralogy 
Laminations in schist have been widely mistaken for 
bedding, but are due to metamorphic differentiation within 
what originally may have been a homogeneous rock (93). Schis-
tosity was evident in all samples from the railroad right-of-
way, and most strongly developed in the grey-green mica schist. 
This was expected as the sample site was farther east where the 
region has been metamorphased to a higher degree. 
Schistose structures result from regional dynamothermal 
metamorphism with temperatures possibly as high as 800° C , 
pressures ranging from at least 2 kilobars to more than 
10 kilobars, and penetrative movement. Regional burial meta­
morphism occurs at temperatures below 400° C to 450° C, and 
schistose structures are generally absent. 
Many schemes have been presented to subdivide regional 
metamorphism into grades, types or facies. Mineral 
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assemblages (mineral paragenesis) provide information on 
genetic conditions during metamorphism. Although boundaries 
of metamorphic grades are pressure dependent, physical 
condition during metamorphism is a combination of pressure 
and temperature (57, 81, 93, 94). A definite set of 
minerals characterizing a group of rocks was designated by 
a metamorphic facies (94). A tentative relation of pressure 
and temperature to metamorphic facies was presented by 
Turner (93). Others are similar (18, 57, 94) and show that 
the greenschist facies is approximately bounded within 
temperatures of 300° C to 600° C and pressures of 2 kilobars 
to 9 kilobars. Figure 2. 
By identifying metamorphic facies of Precambrian rocks 
sampled in this research, mineral assemblages could be 
predicted,or the reverse process accomplished. The starting 
point for a mineralogical analysis was provided by the green-
schist facies, previously mentioned in field work by Allard 
and Hurst. 
The problem then was to determine an appropriate "sub-
facies". or mineral assemblage due to the progressive change 
in metamorphic terrains. Several authors have criticized 
the "facies-subfacies" classification and as a result the 
literature is abundant with possible assemblages. Miyashiro 
presented a classification based on increasing pressures, in 
m 
<u 
Figure 2 .  
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which "greenschist faciès" appeared in all five of his 
"series" as "subfacies" from low to high pressure. Winkler 
then proposed to abolish "facies" and "subfacies" and 
presented four large grades of metamorphic units based 
largely on temperature ranges, Figure 3. 
The boundaries in Winkler's system were marked by 
specific mineral reactions, significant metamorphic changes 
of mineral assemblages. Thus, the boundary between "very 
low grade" and "low grade" metamorphism coincided with the 
beginning of the greenschist facies. The term isograd 
designated a definite degree of metamorphism by the appear­
ance of an index mineral. The term "isoreaction-grad " 
was suggested for a known pressure-temperature composition 
reaction by which a specific mineral association is formed for 
the first time. 
The "subfacies", quartz-albite-muscovite-biotite-
chlorite, in prior work by Winkler was produced at lowest 
temperature"pressure condition of the greenschist facies and 
was cited by Allard and Hurst as existing at the western 
boundary of the N'djole schists. This corresponded to 
Winkler's change from very-low grade to low-grade metamor­
phism and could be designated by a band of isoreaction grads 
in which zoisite formed and lawsonite disappeared ,as did 
pumpellyite^by reacting with chlorite and quartz to produce 
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clinozoisite. Within the low-grade metamorphic division, 
the large temperature range resulted in a number of isograds 
( 9 4 ) .  
Miyashiro recognized the series change in pelitic meta­
morphic rocks from phyllites to mica schists with rising 
temperatures. In metapelites, both muscovite and biotite 
occurred with biotite confined to higher temperatures. Meta­
morphic muscovites were solid-solutions ranging from musco­
vite proper to a celadonite rich component called phengite 
(57). Turner reported the principal white mica (serecite) 
to be the fine grained 2M polymorph of muscovite of phengetic 
composition (93). Other characteristic minerals in addition 
to quartz were albite, prochlorite, epidotes, chloritoids, 
stilpnomelane, piedmontite, spessartite, paragonite and 
pyrophyllite, depending on the concentration of iron, mag­
nesium, aluminum and silica ions. 
Research Objective 
Highly weathered metamorphic Precambrian schist was 
used extensively in embankment construction of the Trans-
gabon Railroad. Typical laboratory tests, analyses, and 
design procedures preceded development of construction plans. 
It was not known how well commonly applied practices and 
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techniques would predict actual field performance of this 
unusual material in high fills under an extreme tropical 
climate. Nor were the consistency of material properties 
known with the wide variation of color, and depth of 
weathering of strata. 
A program of research was developed to investigate 
three particular concerns: 1) identification of material 
comprising embankments studied and variability of properties, 
2) evaluation of a rapid test to provide realistic engineer­
ing characteristics of material sampled, and 3) development 
of a mathematical model using parameters derived directly 
from testing to accurately predict stresses and strains 
within compacted embankments placed on rigid foundations. 
Mineralogical analyses of individual samples used in 
Transgabon Railroad embankments were accomplished by identi­
fication through X-ray diffraction studies. Photomicrographs 
were made of each sample with a scanning electron microscope, 
and an energy dispersive attachment was used to detect the 
presence of particular elements. 
A recent innovation in geotechnical testing equipment, 
the Iowa K-Test, made available direct measurement of 
certain soil properties which were previously available 
only through extrapolation from other tests. Laboratory spec­
imens were prepared to simulate in situ moisture contents and 
20 
unit weights of embankment materials, and used 
in the Iowa K-Test. An analytical technique was devised 
using the Iowa K-Test results to calculate in situ embank­
ment behavior. 
Laboratory facilities and equipment were provided by 
the Geotechnical and Bituminous Research Laboratory of the 
Engineering Research Institute at Iowa State University, 
Ames, Iowa, U.S.A. 
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EVOLUTION IN GEOTECHNICAL ENGINEERING 
Development of Classical Theories 
Results of early practices in foundation engineering 
may be observed today in bridges and.aquaducts built hundreds 
of years ago by the Romans. These and other structures such 
as the pyramids and the Taj-Mahal were built on foundations 
designed through experience rather than any scientific 
laws. It was not until the 17th century that French military 
engineers began to contribute empirical and analytical data 
concerning earth pressures. Empirical rules were established, 
which gradually encouraged more theoretical considerations, 
of earth pressure and retaining walls, bridge construction 
and fortifications, and slope stability (44, 45, 80). 
In 1691, Bullet is reported to have published a theory 
on earth pressure behind a retaining wall in which he assumed 
a soil wedge to slide on a 45° plane passing through the 
toe. This was followed in 1726 by the unsuccessful attempt 
of Couplet to establish a scientific earth pressure theory 
by assuming soil to be composed of ideal spheres. Two 
hundred and fifty years later, Harr published a textbook in 
which soil is considered to be a particulate system, and 
ideal particulate mechanics and probability theory were used 
to analyze response,to loading (8, 16). 
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In 1776 Coulomb, another French scientist and military 
engineer, published a paper in which the rules of maxima and 
minima were used to describe the force against a frictionless 
retaining wall with a horizontal surface on the backfill. An 
appropriate equation was presented. Although recognizing 
that the actual slip surface was curved, he used a straight 
line approximation and presented a "trial wedge" procedure 
which considered several wedges and looked for the one 
producing the largest pressure on the retaining wall (15). 
This began the period of "Classical" earth pressure theories, 
in which friction and cohesion of a soil, and normal and 
shearing stresses on a sliding surface were "scientifically" 
determined. Many scientists and engineers continued to 
work in this direction. Rondelet, for example, took earth-
pressure situations similar to those dealt with by Bullet 
and in 1802 published a treatise on the theoretical and 
practical aspects of construction (75). An equation was 
presented by Français in 1820 which is usually attributed to 
Culmann who published it independently nearly fifty years 
later. Français considered an inclined slope and a plane 
slip surface and developed an equation for the critical 
height of an embankment inclined at some angle to horizontal 
(24). In 1840, another French military engineer by the name 
of Poncelet, working with Coulomb's theory, presented a rather 
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involved graphical system of analysis to find the earth 
pressure against a retaining wall (68). He considered 
various geographical configurations of the back of the wall 
and the surface of the backfill, recognizing the influence 
of friction between the wall and backfill. 
Another Frenchman, Collin, in 1846 studied landslides 
from canals and dams and measured the rupture surfaces which 
he found to be cycloidally curved (13, 14). He also 
attempted a rational basis of measurement of the shearing 
strength of soil. In 1857, a Scottish Railroad Engineer and 
Professor of Civil Engineering at the University of Glasgow, 
Rankine, presented a theory on stresses within a soil mass 
(70). Whereas Couplet assumed spherical particles, Rankine 
assumed granular particles, incompressible 
and homogeneous, held in place by friction. In considering 
a plane surface of infinite lateral extent, Rankine proposed 
that the magnitude of friction was proportional to the 
pressure normal to the rupture surface, which was due to the 
weight of overlying soil. He also introduced the concept of 
the passive state of earth pressure and related it to the 
active state. 
In 1866, Culmann took Poncelet's graphical representation 
of Coulomb's theory and supplied the Coulomb-Poncelet theory 
with a broad scientific basis (17). He provided a general 
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theory to permit a graphical solution of even the most 
complicated earth pressure on a retaining wall. In 1871, 
Rebhann demonstrated the location of the failure surface 
which had only been assumed in the Coulomb theory (71). 
At the same time, Mohr was working with strength of 
materials and noted that in previous theories for an equil­
ibrium case, forces acting on a sliding wedge did not pass 
through a common point (58). He then developed a graphical 
representation of stresses at a point. His stress circles 
are still used extensively in soil mechanics to analyze shear 
strength of soils and stresses on a plane within a soil mass. 
In 1885, Boussineq assumed soil to be an ideal, non-
cohesive, homogeneous and isotropic medium and devised a 
theory for stress distribution and deformation (9). His 
theory is widely used in soil mechanics to determine the 
response in soil to structural bearing loads. 
Modern soil mechanics began with the twentieth century. 
Classical earth pressure theories were scrutinized, modified, 
adapted to various situations and put to practical test. 
Muller-Breslau in 1906 constructed a large scale model re­
taining wall (60). His extensive trails indicated high 
variability introduced through different handling of sand 
backfill, its loading and unloading, and showed that the 
earth pressure could be larger than that predicted by 
Coulomb's theory. 
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In 1903, Resal expanded Rankine's work and in- 1910 
developed it to include effects of cohesion on the internal 
stress condition in soil (72, 73). In 1911, Atterberg de­
vised some simple tests to define the consistency character­
istics of cohesive soils (3). The "Atterburg Limits" are 
used today for the purpose of soil identification and class­
ification, and have been used to generalize various strength 
properties of soil groups. 
The Swedish Geotechnical (Soil Mechanical) Commission 
of the State Railways of Sweden was formed in 1918 after a 
number of earth failures with retaining walls, railroads, 
and waterways, resulting in a number of deaths. Professor 
Fellenius was placed at the head of the commission and in 
1922 a final report was produced which included extensive 
data on sampling and testing methods. This commission was 
credited with being a pioneer in practical soil mechanics. 
Also presented, was the Swedish Circle Method for the calcula­
tion of slope stability in cohesive soils (23, 78). The 
circular sliding surface was actually presented by Petterson 
and Huitin in 1916 (41, 64, 65, 66). A circular surface 
was used with a friction circle to analyze a failure in 
Goteburg of the Stegberg quay. 
At the same time in France, Frontard continued with the 
work of his countrymen, notably Collin and Resal. As had 
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Collin, Frontard measured dozens of landslides and confirmed 
through numerous measurements that rupture surfaces were 
indeed cycloidally curved. In 1922, Frontard published, a 
paper in which he mathematically derived the propogation of 
a rupture surface and produced a cycloid (29). Admittedly 
unwieldly at that time, the cycloid can be easily manipulated 
with modern calculators and computers and has found renewed 
consideration. 
In 1925, Terzaghi published "Erdbaumechanik" (88),. With 
this book "The Father of Modern Soil Mechanics" established 
soil mechanics on a scientific basis. He presented a ration­
ale for investigating the physical properties of soil, its 
response to loads and changing water content, and a process 
for determining the rate and magnitude of settlement of a 
structure placed on compressible material. 
Contemporary Developments 
Researchers today actively engaged in material character­
ization, design analysis, and post construction investigations 
are more numerous than the total number of those concerned 
with such work during all of recorded history. A topic 
would be hard to find that is not being or has not previously 
been investigated at some time, somewhere in the world. One 
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of the problems of present-day researchers is to remain 
up-to-date on domestic and international activities on topics 
of interest. 
During the past half-century, the exchange of ideas and 
information has proliferated through extensive use of inter­
national congresses and commissions held in major cities 
throughout the world. The following list of activities of 
two organizations can serve to demonstrate the interest and 
enormous progress in world wide communications which has 
been made in the science of soil mechanics. Noted is year 
and location of conferences of the International Commission 
on Large Dams (ICOLD - Commission International des Grandes 
Barrages de la Conference Mondial de 1'Energie) and the 
International Society for Soil Mechanics and Foundation 
Engineering (ISSMFE). 
ICOLD ISSMFE 
1st 1933 Stockholm 1st 1936 Harvard 
2nd 1936 Washington 2nd 1948 Rotterdam 
3rd 1948 Stockholm 3rd 1953 Zurich 
4th 1951 New Delhi 4th 1957 London 
5th 1955 Paris 5th 1961 Paris 
6th 1958 New York 6th 1965 Montreal 
7th 1961 Rome 7th 1969 Mexico City 
8th 1964 Edinburgh 8th 1973 Moscow 
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ICOLD ISSMFE 
9th 1967 Istanbul 9th 1977 Tokyo 
10th 1970 Montreal (10th)(1981) (Stockholm - to 
be held) 
11th 1973 Madrid 
12th 1976 Mexico City . 
13th 1979 New Delhi 
The ISSMFE conference in Tokyo included twelve specialty 
sessions: 
No. 1 Tunnelling in Soft Ground 
No. 2 Soil Sampling 
No. 3 Relationship Between Design and Construction 
in Soil Engineering 
No. 4 Ground Anchors 
No. 5 Determination of Soil Parameters from In-Situ 
Tests 
No. 6 The Probabilistic Approach to Soil Mechanics 
Design 
No. 7 Geotechnical Problems in Ocean Engineering 
No. 8 Deformation of Earth and Rockfill Dams 
No. 9 Constitutive Equations of Soils 
No. 10 Horizontal Loads on Piles Due to Surcharge or 
Seismic Loads 
No. 11 Geotechnical Engineering and Environmental 
Control 
No. 12 Computers in Soil Mechanics 
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In addition to international conferences, regional 
conferences are held by members of ISSMFE. Following is a 
listing of region, with number of conferences and years 
spanned from the first to the latest meeting. 
European 7 1954 - 1979 
African 7 1955 - 1980 
Asian 6 1960 - 1979 
Australia - New Zealand 8 1952 - 1980 
Pan American 6 1960 - 1975 
Although the ISSMFE regional conferences attempt to re­
solve local questions, most topics are of concern in other 
parts of the world also. For a research or practicing 
engineer to maintain contact with new techniques and innova­
tions, requires much time and effort. A perusal of the Tokyo 
ISSMFE conference specialty session titles demonstrates a 
wide variety of areas of concern to Geotechnical Engineers. 
During its history,ICOLD congresses have addressed more than 
fifty questions pertaining to dams. Technical publications, 
bulletins, journals, periodicals, and textbooks are 
published in great numbers, and widely distributed. One 
realizes that the amount of contemporary scientific informa­
tion available to the present-day engineer is almost over­
whelming. Selected references pertinent to a specific area 
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can demonstrate the evolution of analytical techniques, i.e., 
slope stability and deformational characteristics in re­
sponse to earth pressures within compacted structures,which 
have been investigated for over two-hundred years. Work 
prior to 1925 in Europe, the United Kingdom, Scandinavia, 
and the U.S.A. has already been mentioned, and included both 
theoretical studies and field case observations. 
At the first ICOLD Congress in Stockholm in 1933, papers 
and reports on slope stability and earth pressures by experts 
from many countries were presented. Terzaghi noted in one 
report several cases in which slides occurred on slopes 
which, according to theory, should have been amply stable. 
This was attributed to an overestimate of the shearing re­
sistance determined by laboratory tests. However, Frontard 
reported that prevailing methods in Europe based on circular 
sliding surfaces gave values for critical heights up to 
eighty percent greater than by his own method based on a 
cycloid (31). Time and studies would be needed to resolve 
these differences. 
Seventeen years later, Casagrande stated that the most 
important structural cause of slope failure was insufficient 
shear strength to resist increased shearing stresses, but he 
used a cylindrical sliding surface for analysis. He 
seriously questioned the validity of design values from 
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laboratory tests for cohesion and internal friction, as well 
as Coulomb's straight line relationship of shearing resist­
ance as a function of cohesion, friction coefficient, and 
normal force (11). Casagrande felt that too often it was a 
technician who decided test conditions and procedures without 
any knowledge of the particular project, and simply provided 
the engineer with numbers to plug into a design equation. 
Different testing laboratories were known to produce quite 
dissimilar results using the same soil material. 
At the first International Conference on Soil Mechanics 
and Foundation Engineering, 1936, one of the papers presented 
by Terzaghi was "Critical Height and Factor of Safety of 
Slopes Against Sliding" (87). In this paper , he stated that 
failure of earth fills almost invariably occurred at a 
time when the weight of fill was increased by 
pressure exerted by percolating water from either storage or 
heavy rainfall, but he did not mention its effect on shearing 
resistance. 
Terzaghi critiqued Frontard's cycloid method presented 
in 1922 and discussed the circular sliding surface introduced 
by Petterson in 1916, and the logarithmic spiral introduced 
by Rendulic in 1935. He observed that in reality the radius 
of curvature at the lower end of a surface of rupture was 
usually greater than at the upper end, which was compatible 
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with the logarithmic spiral concept and also the cycloidal 
arc purported by Frontard. 
At the same conference, Jaky presented a paper on 
"Stability of Earth Slopes" and commented that in spite of 
theoretical solutions attempted by Resal and Frontard, a 
mathematically correct solution, free of contradictions was 
still unknown. No further explanation was given, and he 
then derived an analytical formula for determining the maxi­
mum steepness of a slope at a certain height, by assuming a 
cylindrical sliding surface (43). 
Also at this conference, Taylor presented a discussion, 
which was greatly amplified in another paper the following 
year (84, 86). Terzaghi's factor of safety was noted as the 
resisting moment divided by the moment tending to produce fail­
ure. Taylor then presented the factor of safety with respect to 
cohesion, which he recognized as possibly less correct but 
simpler, and was the ratio of actual cohesion to critical 
cohesion. 
Taylor's paper entitled "Stability of Earth Slopes" was 
published in the Journal of the Boston Society of Civil 
Engineers in 1937 and presented an excellent summary of 
various methods of analysis (86). It was noted that two 
very important and distinct parts of any analysis were the 
testing of samples to determine the cohesion and angle of 
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internal friction, and the computations thereof. He dis­
cussed the Culmann Method, the Resal-Frontard Method, 
Rendulic's Logarithmic Spiral Method, and the Circular Arc 
Method including the Fellenius Graphic Solution to the 
Method of Slices, the (j) - Circle Method proposed by Gilboy 
and Casagrande, and the Jaky Method. 
For comparison, Taylor used the dimensionless stability 
number originated by Fellenius, which used unit weight of 
soil, cohesion required for equilibrium, height of embank­
ment, and factor of safety. Stability number was deter­
mined as a function of angle of internal friction and inclina­
tion of slope face, and described requirements for stability 
when the most dangerous rupture surface was considered. 
Taylor found by comparison of the (|) - Circle Method that the 
Culmann Method produced a very low stability number while 
the Resal-Frontard Method produced a very high (conservative) 
value. The Jaky Method agreed closely although slightly 
lower. The Method of Slices was slightly higher and the 
Logarithmic Spiral Method was nearly identical to results of 
the <j) - Circle Method. 
The elastic concept developed by Boussinesq and the 
earth pressure theories of Rankine had found worldwide 
acceptance and correlated well with actual field observations 
in most circumstances (46, 47). However, earth pressure 
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observations by Muller-Breslow with full scale retaining 
walls were supported by Spangler's work in 1936 (60, 79). 
It was reaffirmed that in practice earth pressures could 
vary substantially from values predicted by conventional 
analytical procedures based on Boussinesq and Rankine 
theories. 
Slope stability of earth dam embankments remained of 
major concern as technology permitted construction of higher 
and larger structures. Stresses which developed within 
earth masses were the target of extensive research in order 
to predict stress conditions leading to slope failures (11, 
12), 
Reports on slope stability research and field observa­
tions continued to be presented at ICOLD and ISSMFE confer­
ences. In 1951, at the fourth ICOLD congress, Frolich 
presented his work on slope stability analysis, assuming the 
shape of sliding surface to be a circular arc (27). He 
stated that the problem was statically indeterminant, as a real 
distribution of normal and frictional stresses can only be 
found if one knows the relationship between normal stress and 
deformation along the rupture surface. It was also assumed 
that cohesion and angle of internal friction were constant 
for a given material at all stress conditions. At the same 
congress, Frontard presented further work, using a case 
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history to demonstrate the use of his dangerous height 
concept based on the cycloid (32). 
At the third ISSMFE conference, 1953, Frolich explained 
the use of the logarithmic spiral to calculate the factor of 
safety for a slope (25). Previously this curve had been 
used to determine critical height when factor of safety was 
unity. An advantage of this curve was that a normal to the 
curve at a point made a constant angle with a line connecting 
that point with the asymptotic center of the logarithmic 
spiral. At failure this angle was selected to be equal to 
the angle of internal friction of the soil. For a cohesion-
less material, the resultant of normal and shearing forces on 
any incremental arc had to pass through the asymptotic center. 
The next year Frolich presented a paper at the Third 
European Regional Conference of members of ISSMFE on the 
general theory of stability of slopes. He admitted that soil 
materials deviated greatly from ideal elastic solids and 
that results of such an assumption represented at best a 
rough estimate of reality. Concerning the principal of 
stability, he noted that "the stability of an earth mass 
was guaranteed if, at no point in it, the shearing strength 
of the material was exceeded" (25). 
Frolich then developed Coulomb ' s sliding wedge theory in 
which excess shearing strength in one area was used to 
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compensate for shear deficiency in another. Critical 
height was thus calculated, and Frontard's method was 
criticized for giving critical height values less than half 
as large. 
At the same regional conference, Bishop presented a 
slices method using a circular arc for stability analyses 
(7a). It was stated that when factor of safety was below 
1.8, local overstress occurred, meaning that in some zone 
within the embankment, shearing strength had been exceeded 
and a plastic zone existed. A trial circular arc was used 
to define a possible surface, overlying soil divided into a 
series of thin vertical slices, and stresses on each slice 
were summed to calculate total shearing forces and shearing 
resistance used to determine factor of safety. After several 
trials, the most critical arc was found with the smallest 
factor of safety. His simplifying assumptions excluded 
effects of deformations in conformance with typical equilib­
rium conditions within the sliding mass. 
Another paper presented at that conference was by Kjellman, 
in which the existence of an actual slip surface in slope 
failures was questioned. The contention was that failure 
occurred within a zone in which excessive strain and 
dilatancy reduced shearing strength to below that required 
for a stable slope (48). 
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Frontàrd presented a paper at the conference in which 
he reiterated his critical height concept and explained its 
application to various slopes. He reported on some labora­
tory scale model tests and noted particularly the large 
strains which occurred prior to complete failure. Work by 
Wolmar Fellenius in 1926 on slope stability analysis using a 
circular rupture surface was used to compare results for 
critical height determinations. Under various situations, 
Fellenius produced critical heights 1.5 - 1.9 times greater 
than values calculated by Frontard's method (30). 
By 1955 , the controversy concerning various theories and 
methods had become more academic than practical. Textbooks 
on soil engineering usually emphasized author's preference 
and experience. With the advent of computers, tedium of 
hand calculations was eliminated. Numerous trials using 
various parameters could be analyzed and those most closely 
simulating field situations thoroughly investigated. 
Most analyses were based on circular rupture surfaces 
in elastic materials. Poisson's ratio was assumed constant, 
although it was known to vary as stresses increased and 
deformation occurred. Developments were being made in soil 
testing equipment and techniques to more nearly duplicate 
field conditions [51, 52). In situ testing of soil properties 
with instruments such as the pressure meter, vane shear, and 
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bore hole shear device better defined soil characteristics 
under actual field conditions. 
Fang and Hirst (22 } summarized methods available in 
1970 for slope stability analysis and categorized most as 
limit equilibrium methods. Because of the basic assumption 
that Coulomb's failure criteria had to be satisfied along the 
failure surface, soil stress-strain relationships were 
neglected. Curiously, Frontard's cycloidal method was 
placed in the straight-line failure plane category as 
applied to infinite slopes (96). 
Fang and Hirst then applied plasticity theory to analysis 
of slope stability. A logarithmic spiral was used to define 
the discontinuity layer,and equations were derived to produce 
stability factors for several slope angles and internal 
friction angles. Center of rotation was taken as the origin 
of the spiral. As Frolich pointed out at least twenty years 
earlier, center of rotation is unknown. Center of curvature 
lies at the evolute of the logarithmic spiral at each point , 
and analysis involved a kinematic indeterminancy. However, 
moments could be summed about any point. 
As computers became more sophisticated and available to 
general users, extensive computer studies have been reported. 
The finite element method of analysis (FEM) is a technique 
of subdividing the cross section of an embankment into 
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many small regions, defining boundary limits and conditions, 
and describing soil properties, such as unit weight, strength, 
and stress-strain characteristics of each small region. The 
computer then calculates response of each element, and 
accumulates results to produce an estimate of embankment 
behavior. 
From finite element analyses, Poulos and Davis presented 
contours showing stress and displacements for various embank­
ment configurations and Poisson's ratios (69). However, even 
such detailed work was limited by the basic premise of 
working with an ideal elastic material. Although results 
usually compared favorably with field observations, in some 
instances large differences occurred. 
An FEM study made for the U.S. Army Engineer Waterways 
Experiment Station as reported in 1969,employed non-linear 
stress-strain characteristics of a number of types of 
materials (49). Analyses were made of a dam to predict em­
bankment behavior during construction. FEM results were re­
ported to be in close agreement with field measurements. 
In a report on embankment dams in 1979, FEM analyses and 
field observations were presented for several dams. Over-
stressed plastified zones were disclosed through FEM analysis; 
this was verified in the dam using clusters of pressure 
cells (95) . 
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At the fifth ISSMFE Conference, 1976, a report by 
Dolezalova from Czechoslovakia presented an FEM analysis com­
paring strains from laboratory tests and in situ measurements 
of a dam (19) . Data from the different laboratory tests were 
used for FEM analyses to find those which most nearly cor­
responded to field measurements. Emphasis was on strain 
paths using plasticity theory. A gradually changing pseudo-
elastic constant was applied to a specific problem, with the 
intention of developing the concept for a general solution. 
Tests included oedometer, triaxial, and plane-strain tests. 
Strain paths were drawn on a coordinate system to represent 
each test considered. Although the project was still in 
progress, it was reported that different tests provided 
optimum results in different locations within the dam. 
Another procedure that has been available is the testing 
of reduced scale physical models,and from observed stresses 
and strains obtaining a solution to predict full scale field 
behavior. One reported method by Endicott consisted of a 
clay slope subjected to increasing gravities on a large cen-' 
trifuge (21). Two-dimensional plane-strain data were obtained 
using a stroboscopic technique through transparent sides. 
Solutions of stresses were made by two methods and compared 
favorably. 
Theoretical mathematics continued to be applied to 
analyze slopes and predict earth pressures. Usually the 
41 
limiting equilibrium state was considered. The calculus of 
variations which studies the maxima and minima themselves 
was found to be very useful. Computers aided in solutions of 
many equations. A report by Revilla and Castillo developed 
two equations of transversality, two natural boundary con­
ditions, two equations of continuity, two boundary conditions 
and a function describing the factor of safety (74). These 
nine equations contained nine unknowns, providing a unique 
solution. Results reportedly showed good comparisons with 
methods of Janbu and Taylor for cohesive soils. The writers 
claimed that non-homogeneous slopes and slopes with loads 
could also be handled with this procedure. 
Another study by Baker and Garber,used variational cal­
culus to derive a general theorem governing the shape of 
potential slip surfaces (4). It was presented as valid for 
the general case of non-homogeneous, non-isotropic soil with 
pore water pressure and external load. Potential slip sur­
faces were shown to have a special geometrical property. 
As a result,the reporters felt that minimal factor of safety 
was independent of normal stress distribution along the 
rupture surface. For the homogeneous, isotropic case it 
was shown that the critical slip surface may have been 
either a logarithmic spiral or a straight line. Thus came 
about the rediscovery and validation of a working concept pre­
sented nearly a half century ago, the logarithmic spiral 
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introduced by Rendulic in 1935. 
This writer will investigate an idea presented by Collin 
over a century ago, and somewhat ignored. The cycloidal 
curve of rupture surfaces measured by Collin, and later by 
Frontard, has some very desirable characteristics applicable 
to stress distribution and slope analysis, as will be shown. 
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MATERIAL CHARACTERIZATION 
Sampling and Transportation Procedures 
During construction of the Transgabon Railroad,samples 
of embankment materials were taken from various stratographic 
beds which were being excavated. Beds with similar textures 
were chosen to represent different colors and depths. A 
reddish layer inclined nearly 60° to horizontal was sampled 
at a depth of 26 ft (8 m) and 98 ft (30 m) for comparisons 
of variations due to depth. Similarly inclined beds of 
white, black, and yellow embankment materials were sampled 
at about the same lower depth. Each sample was a mixture of 
smaller portions taken from several points within a particu­
lar layer, typically over six feet (2 m) thick. Black and 
white schists were in a cut adjacent to the one from which 
red and yellow schists were sampled. In addition, i,a sample 
was taken of the in-place mixture from the embankment be­
tween the two cuts for comparison with material from both 
cuts. At another location micaceous material was sampled 
from borrow at a depth of 26 ft (8m). 
A sample weighing approximately 150 lbs (667 N) was 
placed directly into two plastic sacks of 75 lbs (333 N) 
each. Each sack was sealed, labeled, and placed within a 
second sack, labeled again, and packed into a metal 55 gal 
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(200 1) barrel. A watertight lid;was bolted on top. The two 
sacks of each material were packed in separate barrels. 
Barrels were sent by train to the port and transported 
directly by ship to New Orleans. In spite of USDA import 
permits, barrels apparently were opened by U.S. customs 
officials and the two top sacks of each barrel ripped open. 
However, with lids tightly replaced,, no noticeable desic­
cation took place, and contents did not spill or mix. Upon 
arrival at Iowa State University by truck from New Orleans, 
contents of each of the two sacks of seven samples were 
transferred to a galvanized metal container lined with a 
double thickness of plastic sacks, sealed, labeled, and the 
metal lid labeled and replaced. Total time from original 
sampling to resacking was about two months. Prior to testing, 
samples were maintained at the natural moisture content of 
15% to 20%. 
Preparatory Laboratory Investigations 
A composite sample totaling 5 lbs (22 N) was taken of 
each material, placed in a plastic bag, and stored in a room 
maintained at 77° F (25° C) and 100% relative humidity. 
Portions of composite samples were removed from each sack 
at intervals for particle - size analysis and determination 
of specific gravity and soil constants. Several chunks 
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weighing less than 1 lb (4 N) of each material were placed 
in plastic containers with a glass beaker half full of 
water and covered to prevent desiccation. Small pieces were 
broken from these chunks and examined under a pétrographie 
microscope. Photomicrographs of other pieces were made at 
5000 magnification with a scanning electron microscope. 
X-ray powder diffraction patterns were made of each material 
after air drying and after saturation with ethylene glycol. 
Periodic checks were made on moisture content of 
materials in the humidity room, and indicated a slight mois­
ture content rise of about five percent over several months. 
Materials were handled in accordance with USDA regulations 
pertaining to quarantined soils, and following testing were 
subjected to sterilization in an autoclave prior to disposal. 
Specific gravity 
Duplicate specific gravity tests of each material were 
determined in accordance with ASTM D854 (AASHTO T-lOO). One 
series utilized materials directly from the humidity room; 
a second series, oven-dried materials, testing only that 
portion passing the No. 10 U.S. Standard sieve (2.000 mm). 
The two methods were used to represent two field conditions : 
immediate compaction at natural moisture content, and 
drying under intense heat of tropical sun with material 
being remoistened prior to compaction. Less than 1% of any 
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material was retained on the No. 10 sieve, except for the 
fill sample of which 3% was retained. In each set, oven-dry 
mass of sample was determined following the test by care­
fully emptying and washing the pycnometer into a clean 
glass beaker and oven drying the mixture to constant mass 
at 230° F (110° C). 
A single 100 ml glass pycnometer with ground glass 
stopper was calibrated and used for all trials. Ambient 
temperature was constantly monitored and noted to the near­
est 0.1° C at the time of each test, and ranged from 26.2° C 
to 26.8° C (79.2° F to 80.2° F). Masses were measured on an 
analytical balance to the nearest 0.1 mg. 
The first procedure followed was to place about 100 g 
of material from the humidity room in a small metal can. 
From the can,ten to fifteen grams of material containing 
natural moisture were put into the pycnometer and covered 
with distilled water at ambient temperature. An aspirator 
was used to evacuate the pycnometer for at least ten minutes 
until all visible air had been removed. After measuring 
mass, contents of the pycnometer were placed in a drying oven 
for twenty-four hours. Mean test temperature was 26.5° C. 
Specific gravity of each sample was calculated and corrected 
to 68° F (20° C). 
Following removal of about 10 g of sample with natural 
moisture for the first specific gravity determination, the mass 
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remaining in the can was measured. After drying in the oven 
for twenty-four hours, oven dry mass of soil was determined 
and moisture content calculated and recorded. The dry soil 
was then sieved on a No. 10 sieve for the second specific 
gravity determination. Amount retained was dried, mass deter­
mined and percent retained on the No. 10 sieve calculated. 
From material passing the No. 10 sieve the mass of an approxi­
mately 10 g sample was accurately measured, the sample placed 
in a clean glass beaker, and covered with distilled water. 
After soaking for at least twelve hours, contents of the 
beaker were transferred to the pycnometer for specific gravity 
determination. Specific gravity was determined in the same 
manner as for the sample containing natural moisture. 
The mean of the two specific gravities thus determined was 
calculated and used as representative of material from which 
the composite sample in the humidity room was taken. Some 
replications were performed to estimate precision, with 
values for most materials varying less than 1% from maximum 
to minimum. For fill material, being a field mixture of many 
materials, specific gravity was expected to represent the 
average of materials sampled. However, the fill sample pro­
duced specific gravities varying from 2.808 to 2.869, with 
the least value higher than any of the singular materials. 
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Results are summarized in Table 1. 
Table 1. Specific gravities of schists 
Schist Description Specific Gravity 
Upper Red (U) 2.738 
Lower Red (L) 2.751 
Yellow (Y) . 2.757 
White (W) 2.692 
Black (B) 2.730 
Mixed Fill (F) 2.846 
Mica (M) 2.8 03 
Particle-size analysis 
Three determinations of distribution of particles smaller 
than 0.074 mm (No. 200 sieve) were conducted; once by the 
pipette method, and twice utilizing a hydrometer. A wet 
sieve analysis was also performed on material in the sedi­
mentation cylinder following hydrometer analysis. The pipette 
method uses a standard sedimentation cylinder, and samples a 
measured volume of suspension at a selected depth after 
settling occurs over various time intervals. 
Materials were oven-dried prior to analysis, and approximately 
ten grams of material passing the No. 40 sieve (0.420 mm) was 
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used for the pipette analysis. 
For the hydrometer method, an ASTM hydrometer (152H) 
giving readings in grams per liter of suspension was used 
(ASTM D422). The first hydrometer analysis used a sample of 
about 100 g which was taken from the humidity room and oven-
dried for moisture content determination. The second one 
used about 50 g of oven-dry material which had passed the 
No. 10 sieve. Only fill material had over one percent re­
tained on the No. 10 sieve (3.31). 
Dispersing agents were slightly different for the two 
methods. The pipette method used 10 ml of a solution con­
taining 48 g of chemically pure sodium hexametaphosphate with 
a buffer of 8 g of sodium carbonate per liter of distilled 
water. The hydrometer method used 40 ml of a solution con­
sisting of 40 g of sodium hexametaphosphate per liter of 
distilled water. In both methods, mass of oven-dry material 
was precisely measured and sample placed in a sedimentation 
cylinder. Dispersing agent was added, and about 150 ml of 
distilled water was used to wash down the interior of the 
cylinder. The cylinder was covered and allowed to stand for 
at least 18 hrs prior to dispersion. 
Dispersion was accomplished using the Iowa Air-Jet Dis­
persion Apparatus,in which air under 25 psi pressure was 
allowed to agitate suspension in the sedimentation cylinder 
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for five minutes. Upon removal and washing of the dispersion 
apparatus, the cylinder was filled with distilled water to 
the 1000 ml mark. A long rod attached to a perforated disk 
was used to agitate suspension for 30-60 seconds. Cessation 
of agitation marked time zero for sedimentation to begin. 
Hydrometer readings or pipette samples were taken at 
appropriate intervals , with a final reading being taken after 
twenty-four hours. Temperature of suspension was recorded at 
the time of each reading, and varied from 22.5° C to 24.0° C. 
Calculations and temperature corrections were made for hydrom­
eter analyses according to procedures of ASTM D422. Similar 
temperature corrections were applied to calculations of 
Stokes Law for the pipette analysis. Average gradation 
curves are presented in Figure 4, and individual results may 
be found in Appendix A. 
Material in the sedimentation cylinder after completion 
of the second hydrometer analysis was washed on a No. 200 
sieve. The portion retained on the sieve was carefully washed 
into a glass beaker, and beaker and contents were placed in 
the drying oven. Following complete evaporation of water, the 
sample was dried for an additional 24 hours. The amount passing 
the No. 200 sieve was calculated as the difference between 
oven-dry mass before hydrometer analysis and after washing 
on the No. 200 sieve. 
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Figure 4. Particle size distribution of schists 
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The dry sample was separated on a nest of sieves, and 
material retained on each sieve was oven-dried and its mass 
determined. As the hydrometer analysis used only material 
passing the No. 10 sieve, a correction was made to percent­
age passing each sieve in order to represent entire sample. 
Plotted gradation curves are shown in Figure 4 and Appendix 
A. 
Atterburg limits 
Atterburg limits were determined in accordance with a 
wet preparation technique (ASTM D2217) in order to keep 
samples at or above natural moisture contents. A 250 g 
sample of moist material was washed through a No. 40 sieve 
into a pan. Less than 5% of any sample was retained on the 
sieve. A quantity passing the No. 40 sieve sufficient for 
both liquid and plastic limit determinations was thus obtained. 
The washed sample in the pan was allowed to settle. After 
settling occurred, most of the clear wash water was siphoned 
off and the remaining excess water was allowed to evaporate at 
room temperature. During evaporation,the mixture was stirred 
occasionally to prevent localized over-drying. When mixture 
achieved a moisture content wel] above estimated liquid limit, 
a 15 g sample was removed for plastic limit determination and 
the pan covered with a damp cloth. 
Repeated attempts were made to roll out a thread for the 
plastic limit determination. Only samples of fill and 
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micaceous material produced satisfactory results. Other 
materials were non-plastic and could not be rolled in 
accordance with ASTM D424. Fill and micaceous materials 
produced a thread which crumbled upon reaching a diameter of 
3.2 mm at moisture contents of 29.8% and 30.3% respectively, 
which were thus reported as the plastic limits. 
Liquid limits were determined in accordance with ASTM 
D423. Moist material in the covered pan was used for five 
trials for each material, varying from about 38 to 12 blows. 
Target points were 35, 30, 25, 20, and 15 blows. Occasionally 
material was rewetted and allowed to equilibrate for at least 
ten minutes before testing to establish an intermediate 
point on the flow curve. Moisture content corresponding to 
twenty-five blows was calculated for each material and re­
ported as the liquid limit by performing a least squares 
linear regression of log-of-blows versus moisture content. 
Plasticity index was calculated as the difference be­
tween liquid and plastic limits for the fill and micaceous 
samples. Other materials were reported as non-plastic. 
Results of liquid limit, plastic limit and plasticity index 
for each material and a summary of the engineering classifi­
cation of materials are presented in Table 2 and Figure 5. 
Microscopic studies 
The friable samples could have been impregnated with ep-
oxy, and thin sections prepared if desired. Instead, optical 
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Table 2. Soil classification of schists 
Schist Material Classification 
Description AASHTO Unified A Textural 
Upper Red (U) A-4C0) ML Silty Loam 
Lower Red (L) A-4(0) ML Silty Loam 
Yellow CY] A-4(2) ML Silty Loam 
White (W) A-4C0) ML Silty Loam 
Black (B) A-4(l) ML Silty Loam 
Mixed Fill CF) A-4(7) ML Silty Loam 
Mica (M) A-4C2) ML Silty Loam 
microscopy of about 100 X magnification with a binocular 
microscope was used for better observations of "undisturbed" 
matrix exposed on a fracture face, laminations which were 
clearly visible to the naked eye, and inspection of particles 
of a powdered sample. Schistosity was most strongly developed 
in the micaceous sample. Coloration appeared due to clay-
sized particles coating white or opaque silt and sand sized 
particles. 
A JSM-U3 scanning electron microscope (SEM) was used for 
photomicrography at SOOOx magnification of each sample. 
Several specific structures were evident: puffball spheroids 
in the red samples approximately 3 pm in diameter; rodlike or 
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tubular particles in the white sample approximately 0.2 urn 
thick and 8 ym long; and flat platy particles in all, 
with many showing open interior laminations, Figures 7 through 
13. As general characteristics of each schist were being 
investigated, identification of individual structures was 
not attempted. A thorough study would be required if the 
causes of variations in characteristics were desired. 
Elemental analysis was performed on SEM specimens to 
detect the presence of elements with atomic numbers from 
sodium through nickle using an Energy Dispersive Analyser, 
X-Ray (EDAX), Nuclear Diodes, Inc. This system could be 
used as a quantitative elemental analysis between samples if 
the input energy (operating voltage and amperage) of the 
SEM was identical for all samples. However, the amperage was 
optimized for each sample to provide best resolution for 
micrographs, and, therefore, was not a constant. 
Atoms of any element emit excitation energy when ex­
posed to the bombardment of electrons, such as in the SEM. 
Energy potential is unique for each element and is measured 
in thousands of electron volts (KEV). This investigation 
measured the energy from one to eight KEV, which included 
the elements from sodium to nickle. This spectrum was 
divided into 400 channels, and intensity of energy for each 
channel measured for 100 seconds and printed out as machine 
counts. By looking at a "peak" in intensity, energy 
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Figure 6. Photomicrograph, SOOOx, upper red schist 
Figure 7. Photomicrograph, SOOOx, lower red schist 
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Figure 8. Photomicrograph, 5000%, yellow schist 
Figure 9. Photomicrograph, 5000%, lower red schist 
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Figure 10. Photomicrograph, 5000%, white schist 
Figure 11. Photomicrograph, SOOOx, black schist 
Figure 12. Photomicrograph, 5000%, mixed fill 
Figure 13. Photomicrograph, 5000%, mica schist 
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Figure 14. EDAX analysis, ratio of machine counts 
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corresponding to that channel identified the element present. 
As gold was used in sample preparation to coat samples in an 
argon atmosphere, both of these elements appeared in EDAX 
analyses. Neither element was naturally occurring in 
samples, and so their presence in analyses was recognized 
as test-induced. Aluminum., silicon, potassium, and iron 
appeared in all samples. Manganese was present in the 
micaceous sample. 
During weathering, aluminum is removed from minerals 
more slowly than other elements, and was used as a basis to 
compare relative quantities of other elements. Figure 14. 
Ratios of counts for silicon, potassium, and iron to aluminum 
were significantly larger in lower than in upper red schist. 
From this it could have been deduced that there was more 
silicon, potassium and iron in lower red schist, the upper red 
schist being more highly weathered. However, the yellow and 
upper red schist had similar ratios, indicating comparable 
concentrations of detected elements. 
The ratio of iron to aluminum was much greater in the 
lower red than for any other schist. Silicon to aluminum ratio 
was greater for white than for any other schist. Potassium to 
aluminum ratios had an almost continuous distribution from 
highest to lowest values. Based on this analysis, any firm 
distinction in elemental composition of schists based on color 
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was not readily found. 
X-ray diffraction 
A crystallographic study was undertaken to investigate 
mineralogical variability between samples. Several pieces of 
each sample, about 1 g, were prepared by crushing with the 
fingers, and air-drying. The micaceous sample was pulverized 
using a mortar and pestle in order that all small aggregates 
would be crushed. Due to natural fineness and lack of a 
coarse fraction, samples were not sieved. 
An aluminum X-ray mount was used, powder being packed 
against a glass slide and smoothed off. The sample face 
exposed upon removal of the glass slide was subjected to X-ray 
diffraction using a Phillips instrument. Mixed copper K-
alpha radiation at 40 kV and 20 mA was used (wave length was 
weighted average, 1.541838 angstroms) with a monochrometer 
between the sample and the detector. The scanning rate was 2° 
28 per minute with a time constant of 2.5 and a counting 
range of 10,000 cps,with linear scale chart recording. 
Samples to be glycollated were deposited on glass slides by 
underwater sedimentation. Several grams of sample were mixed 
with water and a trace of dispersing agent in a clean beaker. 
After vigorous agitation followed by an interval of time 
calculated by Stokes Law, a clean glass slide was placed on 
a pedestal in the beaker. At calculated depth of glass slide 
below surface of water, particles larger than 50 pm had 
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settled prior to insertion of the slide, and only smaller 
particles were collected for X-ray examination. This pro­
cedure permitted concentration of clay-sized particles on the 
surface examined. 
After twenty-four hours,liquid was slowly siphoned off 
to a level below the glass slide. After allowing the slide to 
drain and air-dry for several hours, it was placed in a 
desiccator for twenty-four hours, then in an air-tight con­
tainer with an open dish of ethylene glycol for two weeks. 
Subsequently, slide and sample were clamped into the X-ray 
diffractometer mount for analysis as an oriented, glycollated 
sample of particles smaller than fifty micrometers. 
Air-dry samples were scanned from 2 - 60 + ° 20, and 
glycollated samples from 2 - 28° 2e. Due to a broad 22-23 
angstrom peak possibly caused by a machine error, duplicate 
scans were made on another machine of several samples at 
natural moisture content and glycollated. As this peak did 
not reappear, it was considered to be invalid on scans from 
the original X-ray diffractometer. 
Diffractograms were nearly identical for all samples, with 
no change due to air-drying or glycollation, excluding the 
sample originally described as micaceous. This sample pro­
duced some additional traces and a peak from 14-16 angstroms 
that moved with drying and treatment by ethylene glycol. 
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Because of the abundance of quartz and mica in samples, 
a precise mineralogical analysis was not possible without 
resorting to further separation techniques. Powder 
Diffraction File Cards were searched to identify traces on 
the diffractograms. 
Quartz was first identified (File Card Number 5-0490) 
as with the most intense peaks. Next, micas were examined 
and compared with unidentified traces. Best fit was the 2M 
polymorph of muscovite, also described as white mica or 
seracite, which has a phengjitic composition forming a solid 
solution series with celedonite. 
As indicated in a previous section, aluminum, silicon, 
potassium and iron ions were present in all samples with 
magnesium present in the micaceous sample. Both magnesium 
and iron could have been found in biotite,which was expected 
to be present in a higher grade of metamorphosed schist. How­
ever, the biotite pattern was not present in any diffracto-
grams, the mineral possibly having been destroyed by weath­
ering. Reported reaction and stability series for minerals 
indicate calcitic plagioclase as less stable than 
calcitic-sodic plagioclase, followed by sodic plagioclase 
and orthoclase. Orthoclase is more resistant to weathering 
than biotite, but less than muscovite. Quartz is most 
resistant of all (36). 
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Remaining unidentified traces were compared to various 
mineral patterns. Undoubtedly,many peaks had been masked by 
quartz and mica patterns, but several possible constituents 
were noted. Of the kandite group of clay minerals (basal 
spacing of 7 angstroms), either halloysite or a polymorph of 
kaolinite was possibly present. Kaolinite IMD (5-0221), 
which was a sample from equatorial Africa, presented a 
pattern that matched quite well. An abundance of 
kaolinite has been noted in tropical zones, especially in 
detrital deposits derived from tropical weathering (36). It 
was reasonable to expect chemical alteration to have taken 
place within sampled metamorphic rocks as a result of deep 
weathering in this tropical climate. 
Another possible constituent was chlorite, with either 
iron or magnesium. Time and pressure causes diagenetic 
chlorite lb polytype to recrystallize into the lib polytype, 
important in low-grade metamorphism. Polytypes are most 
easily distinguished with single crystal X-ray analysis,^nd 
the lib polytype should be common in low-grade metamorphic 
schists (10). Available chlorite patterns, 16-351 and 16-
362, fit best with the micaceous sample pattern. 
Although it would have been possible to differentiate 
between chlorite and kaolinite? time did not allow necessary 
sample treatment. Chlorite, but not kaolinite, dissolves in 
hydrochoric acid. Heating to 600° C destroys the kaolinite 
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structure which becomes amorphous, but chlorite structure is 
not destroyed. 
Minerals noted in the previous section on metamorphic 
mineralogy were all checked. Many were either no longer 
present, having been weathered out, or were present.in such 
minor amounts as to be undetectable on diffraction tracings. 
Compaction Study 
Field data 
Specifications required embankments to be compacted to 
not less than 85% of modified proctor density. No limits 
were specified for moisture content of fill materials during 
construction. Moisture-density curves were developed by the 
contractor utilizing ASTM designation D1883 (California 
Bearing Ratio) procedures to produce ASTM D1557 (modified) 
compaction. A representative composite of such modified 
moisture-density trials is shown in Figure 15. In general, 
optimum moisture content varied from 15-18%, and unit weight 
from 108.6 to 111.1 pcf (17.1-17.5 kN/M^). 
During embankment construction,ASTM D2167 (rubber-
balloon volumeasure) in situ density tests were performed by 
the contractor. All material removed from each test hole 
was placed directly into plastic bags which were sealed and 
taken to the field laboratory, where the mass of moist and oven-
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dry samples were measured, moisture content calculated, and 
in situ unit weight determined. A representative composite 
of moisture content and dry unit weights along with a re­
presentative modified compaction curve for the embankment 
at station 176.2 is shown in Figure 16. Most embankment 
tests were above 85%, with half above 90% modified density. 
Moisture contents were generally at or above optimum. 
Laboratory data 
Samples were compacted in the laboratory for this 
study by standard compaction (ASTM D698). This method pro­
duced samples with unit weights above 85% of the field 
laboratory (modified) densities, and compared closely to the 
unit weights from in situ measurements. Moisture contents 
and unit weights of compacted specimens are shown in Figure 
17 and Table 3, and are included for comparison with in situ 
tests in Figure 16. 
For each of the samples, several specimens were com­
pacted at various moisture contents. Unit weight and mois­
ture content were determined for each specimen, which was 
carefully extruded from the compaction mold, and sealed in 
saran wrap. Natural moisture contents of samples when taken 
from laboratory storage containers prior to compaction were 
as high as 20%, verifying that desiccation had not occurred 
since original sampling. 
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Table 3. Moisture content-dry unit weight of schist 
specimens, standard compaction 
Material I.D, 
Moisture 
Content 
Unit 
Weight 
kN/m^ 
Unit 
Weight 
pcf 
Density 
Mg/m^ 
Upper Red (U) U, 
"t 
Lower Red (L) L, 
Yellow (Y) 
White (W) 
Black (B) 
Mica (M) 
''a 
Yb 
"a 
«b 
"c 
«a 
®b 
B 
Mixed Fill (F) F, 
M. 
13.161 16.53 105 . 20 1.685 
16.729 16.71 106 .35 1.704 
20.093 16.18 102 . 98 1.650 
13.021 16.63 105 .86 1.696 
16.982 16.54 105 .27 1.686 
20.931 16.15 102 .82 1.647 
19.768 15.75 100 . 28 1.606 
19.778 16.39 104 .36 1.672 
20.849 15.55 99 , 00 1.586 
20.588 15.53 98 .89 1.584 
12.860 16. 52 105 .19 1.685 
16.178 16.57 105 .49 1.690 
19.932 16.08 102 .35 1.639 
15.037 16.07 102 . 28 1.638 
17.584 16.13 102 . 71 1.645 
20.323 16.15 102 .81 1.647 
17.709 16.76 106 .70 1.709 
19.440 15.67 99 .78 1.598 
19.843 16.52 105 .19 1.685 
19.877 16.45 104 . 71 1.677 
7.740 19.08 121. 48 1.946 
10.460 19.31 122. 92 1. 969 
12.185 19.43 123. 69 1.981 
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The Iowa K-Test 
Equipment 
The Iowa K-Test is a rapid procedure for determination of 
undrained engineering characteristics from a.single specimen 
of compacted soil material. By vertically loading a cylin­
drical specimen confined in a split steel mold expanding 
against a calibrated spring, lateral stresses are 
measured at discrete values of vertical stress. Vertical 
and lateral strains were monitored simultaneously (39, 53). 
Specimens used in this test were prepared in the manner 
described in the previous section. 
Procedure 
Dry unit weight for each specimen and moisture content 
prior to being tested were given in Table 3, with an identi­
fying letter, i.e. U for Upper Red Schist and M for Micaceous 
Schist, and a subscript letter a, b or c for each of the 
three specimens of each schist prepared near the field com­
paction moisture contents. This identification scheme was 
continued in this section. 
In the Iowa K-Test, a variable horizontal restraint 
comparable to that found in natural soil systems permitted 
vertical and horizontal stresses to continually increase. 
Vertical and lateral strains corresponding to discrete verti­
cal and horizontal stress values were measured. Volume of 
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the specimen could be calculated at any point during the test. 
Results 
As shearing stresses did not exist on either end plate 
nor on the interior circumference of the Teflon-lined split 
steel mold, vertical and horizontal stresses present on those 
surfaces were major and minor principal stresses. The ratio of 
minor principal stress to major principal stress under 
limiting conditions of test defined active lateral earth 
pressure ratio, K. Also, from this test discrete values of 
vertical or horizontal strain could be calculated for any 
given magnitude of major or minor principal stress. In field 
situations, failure occurs when the maximum mobilizable lateral 
restraint has been reached. By determining the maximum re­
straint possible for a field situation, the Iowa K-Test 
permitted calculation of maximum allowable major principal 
stress, and magnitude of strains in directions of major and 
minor principal stresses. 
By plotting one-half of the sum of principal stresses, P, 
on the abscissa and one-half of the difference of principal 
stresses, Q, on the ordinate, a diagram was produced from 
which cohesion, c, and internal friction angle, *, could be 
found. Slope of a P-Q diagram over any interval, tan a, is 
equal to the sine of the internal friction angle, ^, from a 
typical Mohr-Coulomb failure envelope. Intercept, a, of a 
P-Q diagram with the ordinate is related to cohesion, c, in 
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Mohr-Coulomb theory by c = a/cos <j). 
. Vertical and lateral strains may be presented as log­
arithmic strains, a common technique in plasticity studies. 
Typical engineering strain relationships assume certain 
values to be negligible, illustrated as follows, considering 
a cube of unit length on each side and having a volume of 
unity : 
1 + ^  = (1 + e^jCl + 62) (1 + 63) (1) 
where ^  is volumetric strain and e^, eg, and e^ are 
engineering strains defined as change in length divided by 
original length along the three major axes. 
In an expansion, products such as ^^^62 and 
assumed small so as to be negligible and, 
1 + AV = + e, + 63 (2) 
However, by taking natural logarithms of equation (1), the 
following exact relationship results: 
In (1 + ^) = + Eg + £3 (3) 
where logarithmic strain, e^, is: 
= In (1 + e^), n = 1, 2, 3 (4) 
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In the Iowa K-Test = e^. By calculating logarithmic 
strains, summing, taking the antilog, and subtracting unity, 
volumetric strain may be found. Output from a computer 
program used to reduce test data included only logarithmic 
strains. As values differed from engineering strains by a 
few tenths of one percent, only logarithmic strains are 
presented in test results. Also calculated was the ratio 
of horizontal to vertical strain, a pseudo Poisson's Ratio. 
Various relationships among the major (vertical) and 
minor (horizontal) principal stresses and strains are shown 
in Appendix B. Cohesion, c. and internal friction angle, 
were determined for each specimen by performing a least-
squares linear regression on data points from a P-Q diagram. 
Table 4. Slope of the P-Q diagrams in the range of 0-10 psi 
(0-69 Pa) was 45° indicating a test in unconfined compression, 
Figure 18. By looking at plots of major versus minor 
principal stresses, it was observed that minor principal 
stresses were very small or zero until major principal stress 
was about 20 psi (138 Pa), which corresponded to P and Q 
values of about 10 psi. Plots of test parameters showed 
scatter in relationships for about the first dozen points. 
Therefore, it was felt that relationships for major principal 
stress and strains less than 20 psi and 3%, respectively, 
were in an "elastoplastic" range and were not used in failure 
analysis. 
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Figure 18. P-Q diagram, composite of all Iowa K-tests on schists 
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Table 4. Cohesion and internal friction angle of schists 
from the Iowa K-Test 
Specimen • c c 
Material I.D. Degrees psi Pa 
Upper Red 
"a 
40.60 7.362 50.8 
"b 3 8 . 3 4  6.940 47.8 
"c 
35.16 2.497 17.0 
Lower Red L'a 40.39 7.975 55.0 
S 37.99 8.758 60.4 
I-c 36.96 3.834 26.4 
Yellow 41.35 6.128 42.3 
43.29 6.364 43.9 
36.91 8.502 58.6 
White 
"a 
29.55 9.877 68.1 
"b 33.66 8.766 60.4 
"c 
34.80 1.662 11.5 
Black »a 34.44 10.643 73.4 
®b 38.45 8.825 60.8 
®c 28.43 9.930 57.4 
Mixed Fill 
'a 
41. 52 8.328 57.4 
h  38.16 7.327 50. 5 
' c  
36.33 7.196 49.6 
Mica «•a 33.14 7.626 52.6 
3 2 . 7 3  8.397 57.9 
M c  41.99 7.658 52.8 
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Under restrictions of the previous paragraph, some 
observations pertaining to tested materials could be made 
from results of the Iowa K-Test. Values of measured param­
eters varied as much within a single color of schist as 
among the several colors tested, but by looking at specimens 
of comparable unit weight and moisture content,distinctions 
in cohesion and friction angle were possible. White and 
black schists generally produced friction angles 4° to 10° 
lower than other schists. A white specimen had the lowest 
cohesion value and black, the highest. Mica exhibited large 
differences in tests reported in previous sections, but did 
not produce cohesion or friction values significantly 
different from other schists except for white and black. 
Some observations on general behavior of schists in 
the Iowa K-Test were that K increased at a decreasing rate, 
while minor principal stress increased at an increasing 
rate during the test. Samples compacted near the optimum 
moisture content produced the most desirable values of paramo 
eters investigated, i.e., highest angle of internal friction. 
Although linear regression gave an average overall angle of 
internal friction of about 35°, it could be seen that as 
stresses increased, friction angle decreased. At large stresses, 
an average friction angle closer to 26° actually existed. 
Discrete values of internal friction could have been 
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calculated at incremental stress levels if desired. As 
high moisture contents and low unit weights were observed in 
the field, test specimens at similar conditions were considered 
in selecting parameters to predict field behavior. 
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MODEL DEVELOPMENT 
The discussion of historical evolution of theoretical 
soil mechanics revealed many conflicting opinions. By 
continuing in an evolutionary (perhaps revolutionary) manner, 
defects in commonly accepted theories may be explored, 
neglected works reappraised, and new ideas developed for 
application with contemporary advances in testing and com­
puting technology. Hand-held programmable calculators, for 
example, eliminate the need of many "simplifying assumptions" 
historically made to facilitate calculations. Soil testing 
equipment has advanced to the stage of continuous electronic 
monitoring and computer feedback control, producing data and 
test results faster than personnel are able to properly 
evaluate its potential. A computer era of speed and pre­
cision in testing and analysis requires appropriate mathe­
matical systems compatible with real world situations. 
Infinite Slope Concept 
Cohesionless material 
Consider an earth slope of infinite extent, composed of 
cohesionless soil. In conformance with common practice and 
as described in textbooks on soil mechanics (44, 45, 50, 72, 
73, 80, 96), vertical stress at all points along a line 
parallel to the slope face is a constant, and is due to weight 
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of slice, W, Figure 19. Normal and shearing forces are 
present on the three faces of the thin slice. Forces 
acting on vertical faces are generally assumed to be opposite 
in direction and equal in magnitude, and resultants, R, to 
be collinear and parallel to the slope. All forces balance, 
and the system is statically determinant. 
Failure occurs in long thin veneers and results in 
maximum shearing forces being mobilized at all points 
simultaneously within the mass. The Mohr-Coulomb failure 
envelope is assumed to be a straight line defined by the 
equation, t = a tan ({), where t is the maximum mobilizable 
shearing stress, a is stress normal to the rupture plane, 
and (j) is the maximum developable angle of internal friction. 
At incipient failure, inclination of the slope (angle i) 
must be equal to ij*. 
Considering a stress distribution in which failure is 
not impending, one can imagine an infinitely long horizontal 
mass composed of vertical and horizontal principal stresses. 
As the system is slowly tilted, internal stresses are con­
stantly redistributed. Figure 20a illustrates a soil with 
unit weight, y, having a thin vertical slice of width, t, 
and depth, z, with unit dimension normal to the page. Weight, 
W, on plane AB is equal to unit weight, y, multiplied by area, 
zt. As tilting progresses^ the vertical weight on plane AB 
remains constant as (y) x (z/cos i) x (t cos i), while 
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R 
w 
Figure 19. Infinitely long slope at incipient failure 
Unit • 
Weight 
cos !• 
W = tZy 
cos 1 
(b) 
Figure 20a. Stresses in an 
infinitely long slope 
Figure 20b. Stresses in an 
infinitely long slope 
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horizontal distance from A to B decreases to t cos i, 
Figure 20b. Thus, stress on plane AB increases, since a = 
Y z/t cos i, but in direct proportion to the increase in 
vertical distance from the surface. For an infinitely long 
slope, the total weight above a plane located at some depth 
and running parallel to the surface is a constant, although as 
inclination to horizontal increases, vertical stress in­
creases. Also, the sum of vertical components of shearing 
and normal forces on plane AB in Figure 20b is a.constant, 
equal to the weight of vertical slice above the plane. 
Stresses on the inclined plane, AB, are shown in Figure 
21. Shearing force, S, is equal to the downslope component 
of weight vector, W. Normal force, N, is equal to the per­
pendicular component. This is apparent by summation of 
forces parallel and perpendicular to the inclined surface 
and assumption of forces on opposing faces of the slice being 
equal and opposite. A moment due to downslope component, W x 
sin i, exists about the midpoint of line AB, which must be 
balanced by forces on opposing faces. By permitting slight 
downslope movement, normal and shearing forces develop with­
in the soil and equilibrium of the system is maintained. 
Due to cumulative displacement of finite layers parallel to 
the slope and along a line perpendicular to the surface, a 
point on the surface will move farther than points below. 
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Unit Weight 
Figure 21. Stress components in an infinitely long slope 
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cos 1 
ZCOSl  
Unit 
Weight 
Yzk cos i 
ytz 
yzk 
Figure 22. Infinitely long slope, forces on a slice 
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Such a line will be curved as soils generally have a curved 
stress - strain relationship. Vertical stresses at points A 
and B are the same, and are equal to unit weight, y, times 
vertical depth, z/cos i. Figure 20b. 
Lateral earth pressure ratio, K, is the ratio of in­
duced horizontal stress to vertical stress. Rather than re­
strict an analysis to a constant value of K for any given 
soil, consider that the value of K may change as a function 
of vertical load, or depth. Thus, small increments are 
selected, and K may be considered constant over a finite in­
terval, but changing incrementally. 
Horizontal stress distribution varies linearly from 
zero at the surface to Kyz/cos i along plane AB, and has a 
resultant force of (1/2) x (z cos i) x (Kyz/cos i) at a 
distance of z/3 above AB (Figure 22). Vertical distance 
between A and B is t sin i, which is equal to the vertical 
distance between resultants of the two opposing horizontal 
forces, producing a counterclockwise moment of (zKyz/2) x 
(t sin i). In order to maintain equilibrium, shearing force 
components on opposite faces must be equal and produce a 
clockwise moment. Normal force components are equal, oppo­
site, and collinear with zero moment. Summing moments about 
the midpoint of AB: 
tSz = I" yzKt sin i + -^ Yzt sin i (5) 
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By simplifying, 
S = Y YzK sin i + ^  Yzt sin i (6) 
where the first term is equal to the shearing stress component 
of average horizontal stress on opposing faces. The second 
term is shearing stress developed to resist downslope compo-
ment of weight of the slice. Equilibrium is maintained and 
all forces acting on the slice have been determined based on 
preceding assumptions. However, the resultants of major 
principal stress on opposite faces are not parallel to the 
slope, contrary to the original assumption of Figure 19. 
In accordance with the Mohr-Coulomb failure criteria, 
the direction of major principal stress would be at an angle 
of 45 - (})/2 degrees with respect to the failure plane, which 
was assumed parallel to the slope. In the geometric con­
figuration given in Figure 22, the major principal stress is 
also 45 - (J)/2 degrees from vertical, as the failure plane is 
90 - 0 degrees from vertical. Minor principal stress is per­
pendicular to major principal stress and makes an angle of 
45 - ^/2 degrees from horizontal. All failure planes have 
been defined as parallel to the slope face. Major principal 
stress direction is a straight line, therefore, and inter­
sects the surface at an angle of 45 - <()/2 degrees. 
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Lateral earth pressure ratio for the active state can 
be calculated using stresses from Figure 23. 
K = — = Ytz cos i/t cos 3 ^ tan g ^ tan(45-Y) 
A YtT~sîn~T7T~Tîïr~6 tan i ^ ^ 
It is known from soil mechanics (50, 80) that: 
= tan^ (45 - */2] (8) 
so that from equation 7: 
= tan (45 - <p/2) (9) tan cp 
which occurs only when (j) = 90°. Therefore, the assumption 
of a planar failure surface parallel to a slope does not 
conform with established principles of soil mechanics de­
rived from Mohr-Coulomb theory. 
Presence of cohesion 
With an infinite slope analysis, effect of cohesion may 
be considered. The configuration is similar to Figure 22 for 
a cohesionless material, except a value for cohesion must be 
added to shearing resistance. The resultant of normal force 
and shearing resistance would be vertical in order to main­
tain equilibrium. 
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Major 
Stress 
Unit 
Weight 
Minor 
Principal 
Stress 
YtZ 
CO 45 
t z  
Figure 23. Infinitely long slope, orientation of principal 
stresses 
Unit 
Weight 
YtZ R = YtZ 
Figure 24. Infinitely long slope with cohesion 
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From Figure 24: 
tan i = S/N (10) 
and, 
S = C + N tan (|) (11) 
where C is cohesive force developed along base AB of the 
slice. 
The previous solution for normal force, W cos i, and 
shearing force, W sin i remains valid. For slip to occur, the 
weight component parallel to the slope must be greater in 
magnitude than shearing resistance. At incipient failure, 
values would be equal. 
W sin i = C + N tan (12a) 
or, 
W sin i = C + W cos i tan 4) (12b) 
Rearranging, 
sin i - cos i tan (j) = C/W (13) 
Realizing that C = ct and W = yt z, C/W may be reduced to 
C/Y z where c is unit cohesion of the material. Equation 13 
may now be written as 
sin i - cos i tan <{) = c / y z  (14) 
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If a material has zero cohesion the equation reduces to 
= tan * (15) 
which indicates that the critical angle for failure is equal 
to the angle of internal friction as previously discussed. 
If a material has no internal friction then, 
sin i = C/Y  z 
or, 
yz sin i = c 
For the value of i in Equation 16, the downslope weight 
component stress equals cohesion, Equation 17. 
For the case where both friction and cohesion are 
present, the slope angle for incipient failure condition be­
comes a function of depth of the failure plane being consid­
ered. Rearranging Equation 14, 
z = c/ Y(sin i - cos i tan (|)) i > ^ (18) 
When the slope is vertical,depth, z, is c/y, and as the slope 
angle, i, decreases towards the value of cj), z becomes very 
large. Below depth z, for a set of conditions satisfying 
the above equation, maximum shearing strength would be 
mobilized. By modification of the infinite slope concept, a 
realistic field situation may develop. 
(16) 
(17) 
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Finite Slope Analysis 
In the case of a cohesive earth mass with a finite 
slope length, configuration of stresses varies from the ideal­
ized system. For example, assume a rigid plane placed verti­
cally into the system described in Figure 20a, prior to being 
tilted. As the system is inclined, movement is prevented 
immediately upslope from the rigid plane, and shearing 
stresses do not mobilize as depicted in Figure 22. As fail­
ure is impossible across the rigid plane, the rupture surface 
must pass through the point of intersection of the slope face 
and rigid plane. 
It has often been noted that the toe of a slope is 
similar to an unconfined compression test, with zero minor 
principal stress perpendicular to the inclined surface. The 
major principal stress acts parallel to the slope, and the 
rupture surface makes an angle of 45 - (()/2 degrees to the 
surface. At some upslope distance and depth, the failure 
surface will probably become parallel to the surface. A 
stress system different from a theoretical infinite slope 
concept would thus exist, and effect of cohesion would be 
present. Shape of the rupture surface would be along a curve, 
a discussion of which follows. 
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The Cycloid in Earth Pressure and Slope Stability Analysis 
Historical considerations 
Based on measurements from the rupture surfaces of 
dozens of slope failures during the past 130 years, Collin 
and Frontard (13, 14, 28-33) provided considerable substance 
to show that rupture surfaces were cycloidally curved. 
Skempton in his 1948 note on the life of Collin commented on 
the "curious neglect of such an important work." This 
was attributed to the complex mechanical properties 
of clay, and domination at that time of the field of soil 
mechanics by the "conventionalized" theories of bearing 
capacity, earth pressure and slope stability. Although 
theories such as those of Poncelet and Rankine had merit for 
sands, Skempton felt that they were usually quite misleading 
for clays (77b). 
Cohesion was included in theoretical considerations by 
Resal in 1910. Frontard then mathematically derived the 
rupture surface of a slope, showing it to be a cycloid. Ad­
mittedly, mathematics of a cycloid were not convenient for 
producing a number of trial surfaces, but Frontard presented 
an equation for direct calculation of the "critical" height. 
This equation produced values well below those obtained by 
other means,and was criticized for its conservativeness and . 
assumptions used in development. However, as failures have 
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continued to occur, perhaps the more conservative procedure 
should have been adopted. 
At the 1936 ICSMFE, Terzaghi (87) included a critique of 
the cycloidal rupture surface presented by Frontard 
His argument criticizing the cycloid was derived from a 
stress analysis assuming major principal stress parallel to 
slope face within the entire sliding mass. As has been 
shown, such a stress distribution is not realistic and re­
duces the strength of his argument. 
Terzaghi also pointed out that Frontard considered an 
incipient rupture at some point sufficient to propagate fail­
ure through the balance of the earth mass. He emphasized 
that such behavior was incompatible with the Rankine-Resal 
state of stress. Such a stress distribution was said to 
apply exclusively to ideal plastic materials capable of un­
limited deformation at unaltered values of cohesion and in­
ternal friction angle. He said that Frontard's reasoning 
lost validity, as the stress distribution was intermediate 
between elastic and plastic states. Finally, he criticized 
Frontard's assumption of the angle between surfaces of rup­
ture being equal to 90 - ^ degrees by saying he had shown 
this to be as much as ten degrees in error in some materials. 
Although using Rankine's earth pressure theory to dis­
count the validity of Frontard's cycloid, in 1937,Terzaghi 
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stated that Rankine's theory was incompatible with known 
relation between stress and strain in soils, including sands, 
and use of the theory should be discontinued (89, 90, 91). 
Although Terzaghi's critique of Frontard's method was the 
most thorough one found,his criticisms could be tempered by 
the previous discussion. 
In 1973, Ellis presented a method to predict safe depth 
of vertical trench wal]s, after several fatalities from 
trench cave-in's during construction (20). A cycloid was 
used to define the probable failure surface for calculation 
of a factor of safety. Mousavi, 1978, used the cycloid to 
derive equations for gully wall stability and used a method 
of slices to calculate a factor of safety (59). 
A study in Australia in 1977, superimposed various 
curves on photographs of natural hillslopes. Nonlinear re­
gression was performed on six hillslopes and it was found 
that the cycloidal curve was present and associated with non-
depositional processes. Further it was stated that the cal­
culus of variations for ideal particulate mechanics indicated 
that once the cycloid was established, erosion rate of a hill-
slope became equal at all elevations and the cycloid was main­
tained as erosion proceeded. Observations were also made of 
an almost perfectly symmetrical volcanic cone in the 
Philippines having cycloidal profiles (7b). 
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The brachistochrone 
The cycloidal path is intriguing from the point of view 
of conservation of energy. Slope failures occur in such a 
manner as to minimize amount of work done, or to move 
utilizing least possible energy, and the cycloidal surface 
may define just such a condition. The classic brachisto­
chrone question posed several centuries ago asked what path 
a body must follow to move from one point to a lower point 
not directly below, in the least amount of time. Galileo 
and other mathematicians studied this question, and hypotheses 
were presented such as a straight line and circular arcs. 
Johann Bernoulli (1667-1748) presented the solution, a 
cycloid (67). 
Bernoulli took an innovative approach, perceiving the 
analogy of light passing through layers of glass with 
successively higher velocities (From A to B, Figure 25). He 
then applied the Law of Snellius relating velocity and re­
fraction. Snellius had developed a relationship to minimize 
time required for travel between two points, each in a sepa­
rate medium with different velocities. This provided the 
following relation: 
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Velocity 1 
Velocity 
2 
Velocity 
3 
B 
< Vg < Vj 
Sin a, sin a~ sin a,, 
L = =. = = Constant 
^1 ^2 ^3 
= 2gy 
a + b = 90° 
Dots are along a cycloid with origin at A ,  passing 
through B. 
gure 25. Geometry of the brachistochrone solution 
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Next, a familiar relationship was introduced, derived today 
from the Law of Conservation of Energy which equated kinetic 
and potential energy: 
1/2 mv^ = mgy (20) 
or, 
v? = 2 gy (21) 
where v was velocity of a body, y was depth of descent and 
g was the acceleration of gravity. Equation 21 indicated 
that, regardless of path, velocity attained was dependent 
only on depth of descent, and in the brachistochrone both 
were initially zero. 
Angle b. Figure 25, was defined as the angle included 
between the tangent to the curve with horizontal: 
a + b = 90° (22) 
and by allowing layers to become infinitely thin. 
Therefore. 
tan b = 2^ = y' (23) 
, -1/2 
sin a = cos b = [ 1 + (y') ] (24) 
By combining three equations developed from optics, mechanics, 
and calculus, a positive constant was obtained: 
C = y [ 1 + (y')2] (25) 
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Solving this first order differential equation, Bernoulli 
showed the curve to be a cycloid, the solution to the brach-
istochrone, with origin at the upper point. A cycloid can 
be seen as the path described by a stone stuck in the tread 
of a rolling tire. In the geometry of Bernoulli's solution, 
the tire would be rolling along the underside of the 
horizontal axis. 
Topical premises 
The cycloid was established to be the curve of quickest 
arrival of a light wave passing between two points in a trans­
parent medium with increasing velocity of transmission, con­
forming to the Laws of Snellius and Conservation of Energy. 
Seismic refraction is a common and accepted geophysical tool 
in subsurface exploration of the earth. Again a wave, in 
this case a seismic wave, passes through a medium with in­
creasing velocity. Seismic waves are composed of force 
transmitted from particle to particle, passing through a mass 
and refracted according to the Law of Snellius. 
In a situation analogous to the brachistochrone solution, 
the path of quickest arrival for a seismic wave could also 
be shown to be a cycloid, by replacing the light wave in an 
optically transparent medium with a seismic wave passing 
through a soil mass. The same differential equation develops 
with a cycloid as the solution. Increasing velocity with 
depth occurs in soil and compacted earth masses, due to 
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overburden stress and soil characteristics, causing a volume 
decrease with increasing unit weight. 
Consider a semi - infinite mass of soil of unit thickness 
with cohesion and internal friction, extending infinitely in 
width and depth. According to commonly accepted hypotheses, 
the major principal stress acts vertically at any point due to 
weight of overburden, A perpendicular stress is induced, 
the minor principal stress. 
Lateral stress ratio is the quotient of magnitude of 
minor principal stress divided by magnitude of major princi­
pal stress, and is not zero. Poisson's ratio is the quotient 
of unit strain perpendicular to the major principal stress 
divided by unit strain in the direction of major principal 
stress of an elastic material, and is not zero. Discussion 
herein is limited to a two-dimensional system, realizing that 
perpendicular to the major and minor principal stresses is 
an intermediate principal stress. If intermediate and minor 
principal stresses are not equal in magnitude, an additional 
analysis could be considered which includes major and inter­
mediate principal stresses. The most extreme case with only 
major and minor principal stresses is presented. 
By definition,no shearing stress exists along planes of 
principal stresses. With the major principal stress vertical 
at any point in a semi-infinite mass, minor principal stress 
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is horizontal at all points. Therefore, no shearing stress 
exists along any horizontal plane. Horizontal stresses in­
duced within any vertical slice are resisted by equal and 
opposite stresses from adjacent slices. With a mass extend­
ing to infinity, equivalent opposing stresses always exist. 
Horizontal deformation is limited to volumetric decrease 
under imposed stress, as dictated by Poisson's ratio. 
In reality, a soil mass is not of infinite extent. Let 
a one-unit-thick system be redefined as symmetrical with re­
spect to some vertical plane passing through the origin of a 
rectangular coordinate system and bounded by two parallel 
vertical free faces located equidistant on either side of the 
origin. Along a vertical face, overburden mass induces hori­
zontal stresses which must be opposed in equal magnitude for 
equilibrium to be maintained. The only possible mechanism 
for developing such a resisting stress along a vertical free 
surface is by shearing stress resulting from cohesion and 
internal friction. Therefore, shearing stresses are mobilized 
along horizontal planes at vertical faces, and being within 
a symmetrical continuous medium gradually decrease in magni­
tude to zero at the vertical plane passing through the origin. 
Any vertical slice not at the plane of origin will tend 
to move towards the nearest free face until sufficient 
shearing stress is developed to balance horizontal induced 
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stresses. Shearing stresses are thereby created along 
horizontal and vertical faces of such a slice. The resultant 
against the bottom of any vertical slice will be inclined 
from vertical towards the origin, and the minor principal 
stress will be perpendicular to the resultant and incline 
upwards, away from the origin. Inclination of minor 
principal stress could be linear, but this is doubtful due 
to non-elastic soil behavior and non-linear relationships of 
most soil properties. In all probability, minor principal 
stresses follow curved paths. It was hypothesized that the 
ideal path was a cycloid whose generating properties depended 
on the rate of change of soil properties through a mass, i.e. 
unit weight. 
Rationale to support this hypothesis was derived from 
the previous discussion on seismic refraction. The path of 
induced minor principal stress through a soil mass was 
similar to passage of a seismic "wave" through soil. Particles 
did not traverse the medium, but moved small finite distances 
and transmitted force to adjacent particles. Transmissions 
of these forces in seismic investigations have been refracted 
the same as light waves in an optically transparent medium. 
Similarly, minor principal stresses were hypothesized to be 
transmitted between particles, following cycloidal paths as 
in seismic refraction in soils and light refraction in trans­
parent materials. 
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For increasing velocity with depth, increasing unit 
weight likewise occurs. Having been observed in field work, 
unit weight increase with depth follows naturally from over­
burden pressure and consolidation. An ideal elastic material, 
which soil is not, will have a Poisson's Ratio of 0.5, in­
dicating lateral strain equal to vertical strain, resulting 
in constant volume. For soil materials. Poisson's Ratio 
typically lies between values of 0.3 and 0.4. This being 
the case, soil will consolidate and unit weight will increase. 
A possible exception would involve soil material that was 
overworked during construction or compacted under an excessive 
moisture content. Material would be shoved about during com­
paction, forming many minute shear surfaces. Such over-
compacted materials develop horizontal stresses and strains 
which frequently exceed those resulting from overburden 
pressure. As a result, unit weight at top and bottom of an 
embankment could be equal. 
Thus far, evidence for cycloidally shaped slip zones has 
come from field observations, and from mathematical endeavors 
by Frontard which have not been readily accepted. The main 
objective to Frontard's work has been the conservative 
values of critical heights calculated according to his form­
ulae. Although many authors have mentioned progressive fail­
ure, factor of safety was usually calculated on the basis of 
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total mobilizable shearing strength along a probable rup­
ture zone. A factor of 1.3-1.8 was then used to calculate 
a "safe" critical height. Previously, Taylor was noted as 
observing local overstressing or plastic zones with a factor 
of safety as high as 1.8 calculated by conventional methods 
(84, 85). 
The question remains, "At what stress state does failure 
begin?" Once a plastic zone develops within a mass, failure 
has been known to propagate along a path at some rate, de­
pending on soil and environmental factors (6). Time lapse 
before actual sliding may be days or years although bulging 
or movement on the slope may be evident throughout that 
period. Failure, then, could be considered imminent when a 
plastic state is created at any point along a potential rup­
ture surface, this being the most conservative condition 
from which to calculate a critical height. 
Finite element analyses of compacted earth structures 
have indicated the presence of plasticized zones in which 
elastic theory is no longer applicable. Theory of plasticity 
may provide insight into behavior of highly stressed soils. 
Nadai, in 1927, authored a textbook on plasticity in German, 
which was immediately recognized as a valuable contribution 
and translated into English. Published in 1931 as "Plasticity", 
the book was revised and published again in 1950 (61, 62, 
63) . 
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Jumikis,in 1964, included this work in his discussion of 
soils stressed beyond the elastic state (44, 45). Plastic 
soil mass failed along cycloidal slip surfaces in plane 
strain experiments. 
Nadai considered basic equations of equilibrium and 
appropriate boundary conditions and mathematically derived 
slip surfaces to be cycloids. He developed plastic flow in 
cohesive soil compressed between two horizontal rigid plates. 
Cycloidal slip surfaces developed by squeezing plates to­
gether and allowing horizontal deformation, or compressing 
soil horizontally and forcing plates apart. The former state 
was noted as passive compression and the latter as a state of 
active compression. 
Nadai used two boundary conditions at ends of the mass. 
One, a symmetrical system, had both ends open, and the other 
had one end closed. In the latter case, vertical stresses 
were highest at the closed end and zero at the open free 
face, demonstrating a linear stress distribution. Cycloidal 
slip surfaces developed in either system. Two systems of 
cycloidal slip surfaces were created which were orthogonal 
at all points. 
A triangular vertical stress distribution is also present 
under the slope face of an embankment on a rigid foundation. 
Two boundary conditions are identical to Nadai's model, one 
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being the rough bottom rigid boundary and the other being 
the closed end where horizontal deformation is zero. Under 
the centerline of a symmetrical compacted embankment no 
horizontal movement occurs. 
Near a free boundary, the open end, Nadai admits that 
assumed boundary condition are invalid. The accepted failure 
criteria of the angle between slip plane and slope face being 
45 - (j)/2 degrees provides a boundary condition for an embank­
ment. As Nadai was working with relatively thin masses, the 
top rigid plate was used to apply vertical stress. In an 
embankment, gravity acting on the compacted mass creates 
vertical stresses. Thus, a close analogy exists between the 
two systems, when plastic flowing material is accepted to be 
present in a high embankment. 
As previously mentioned, Kjellman, in 1954, questioned 
the existence of a rupture surface in embankments and pro­
posed that "shear rupture occurs in space, and not in a sur­
face, and consists in an excessive change of angle." Angle 
change seemed to refer to magnitude and orientation of angle 
of obliquity, with change being attributed to dilatancy in 
the presence of strain (48). 
A non-brittle or "tough" soil was described as producing 
an increased shear strength with strain and angle change. 
Such activity advanced through a heavily stressed region 
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until shear strength was exceeded and rupture took place. 
The phenomenon was called "region rupture", which followed the 
"dangerous surface" in slope stability analysis. "The plane 
that is inclined 45° - (j)/2 to the major principal stress" 
was proposed to replace "slip surface" for analysis prior 
to rupture. 
In an addendum, Kjellman noted that a lecture was brought 
to his attention in which W. Prager in 1952 considered thin 
flow layers. The lecturer had contemplated behavior of 
material at rupture using mathematical theory of plasticity 
and simplifying assumptions by von Mises in which dilat ncy 
was defined as sin c}). Kjellman considered unit dilation to 
be proportional to shear strain. 
It can be seen from the concept of plastic movement and 
from field observations that a highly stressed plastic zone 
can develop within an inclined soil mass, with substantial 
strain occurring prior to rupture failure. It would be 
difficult to justify an assumption of constant magnitudes or 
directions of stresses across such a deforming region. One 
is, therefore, left with a stress distribution system which 
changes significantly within a mass, very small compared to 
the overall soil volume, which may conform to Nadai's plastic 
mass. 
It is postulated that this region is located along a 
cycloid which passes through the toe of an embankment slope. 
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If rupture is to occur, the cycloid will define the rupture 
zone and make an angle of 45 - degrees with the slope 
face at the toe and intersect the surface vertically. 
Mathematical model 
An orthogonal system of curves defines paths of both 
major and minor principal stresses. If paths of minor prin­
cipal stresses can be represented by a family of cycloids, 
a mathematical procedure permits development of orthogonal 
curves. The first derivative of the equation defining a 
curve is its slope. By multiplying the slope by negative 
unity, inverting, and solving the new differential equation, 
an orthogonal system can be obtained. 
The parametric form of the cycloid was differentiated. 
x = r (0 - tt - sin 9) ( 2 6 )  
y = r (1 - cos 0) ( 2 7 )  
dx/d0 = r (1 - cos 0) ( 2 8 )  
dy/d0 = r sin 0 ( 2 9 )  
dy ^ dy/d(j) 
X dx/dcj) r (1-COS0) 
r sin 0 
cot J = tan - I") (30) 
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Multiplying Equation 30 by negative unity and inverting, the 
following differential equation was obtained for the ortho­
gonal family of curves: 
Ordinarily, a solution could be obtained by defining 6 in 
was not readily solvable for 0 in terms of x and y. An 
alternative was to select another family of curves and com­
pare with the cycloid to see if they were orthogonal. 
A system of cycloids had orthogonal curves sketched in, 
which appeared to be catenaries. The catenary is a curve 
used in structural design in which shearing stresses are zero 
in a perpendicular cross section of a member. A chain or 
cable fixed at each end to a rigid base and allowed to hang 
freely follows a catenary, only tension exists along the 
member. The St. Louis arch is an example of an inverted 
catenary in that the members are in compression. An igloo 
has also been shown to form a catenary (38). The possibility 
that major principal stresses might follow catenaries was 
intriguing, and could explain "bridging" effects over buried 
structures. 
A simple trial calculated the slopes of an intersecting 
cycloid and catenary at the point of intersection to see if 
1 (31) 
terms of x and y and integrating. However, ^  ^ 
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their products were negative unity. A programmable calcu­
lator was used to find points of intersection and to do 
necessary calculations, and a very favorable result was 
obtained. Recalling the properties of cycloids, if a line 
is drawn through the origin of a rectangular coordinate system 
at some angle, any point along that line lies along a cycloid 
defined by a unique angle, 0, with the only variable being 
radius of the generating circle. Likewise, for a catenary a 
similar relationship exists . Both of these relationships 
will be described in detail later. 
It was only necessary to compare slopes along a single 
cycloid and intersecting catenaries to test for perpendicu­
larity. A further step was to calculate the angle of inter­
section of tangents to the two intersecting curves. In 
many instances the product of slopes was not negative unity 
although angle of intersection was close to ÏÏ/2 (90°) . 
A nearly horizontally sloped line gave very poor results 
with an angle of intersection of it/2.22 radians (81°) along 
a line sloping at 0.025/1. The angle was n/2.30 (78°) along 
a line with slope 0.1 to 1 and increased to Tr/2. 05 (88°) at 
a slope of 0.5 to 1. Along lines between 0.5 to 1 and 
vertical, the angle of intersection was between tt/2.05 and 
about ïï/1.93 radians (88°-93°). Thus, catenaries and cy­
cloids formed a very respectable orthogonal system of curves 
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in the ordinary geometric area of interest, Figure 26. 
Slices or wedges bounded by principal stresses could be 
mathematically defined, making computerized analysis practical. 
It would be possible to modify this system for analysis of 
various soil mechanic problems, i.e., infinite slopes, founda­
tions, or embankments. Following is an adaptation for 
stability analysis of compacted embankments on rigid founda­
tions. 
Distributions of minor principal stresses within an em­
bankment were postulated to follow paths described by cycloids. 
Cycloids had to be displaced such that paths were horizontal 
at centerline and intersected slope face perpendicularly. 
Slope face was, thereby, divided into increments by inter­
sections with cycloids. Procedure and equations are presented 
in Figure 26. 
After translating cycloids indicating paths of minor 
principal stresses, it became necessary to look at the ortho­
gonal system of major principal stresses. At any point on a 
cycloid, the perpendicular made an angle of 0/2 radians to 
the horizontal. Therefore, slope of major principal stress 
was easily written at any point as tan 6/2. However, the 
parametric equations at a point were. Figure 27, 
X = r (0 - ir - sin 6) ( 3 2 )  
/ ; 
* 
' 
• 
• 
Cycloid 
• X = r ((j) - TT - sin (j)) 
• Y = r (1 - cos (j)) 
. Catenary 
• 
Y . 1 (e*/* H- e'X/G) - a 
Figure 26. Principal stress planes described by cycloids and catenaries 
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Evolute of Cycloid 
W tan 1 
. Xi = !• Ce^-TT-sin 0^) 
y^ = r (l-cos 0^)+ 
Ù-  >'1^ 
9; 
V 
X = r (0- 7 r - s i n 0 )  
y = r (1 - cos 0) + K. 
TT < 0 < 27T 
= [r (0 - 7T - sin 0^^) - W] tan i 
r (1 - cos 0^) 
Figure 27. Cycloids describing minor principal stresses 
in a compacted embankment 
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C 
t 
P 
Ail circular arcs have 
center at P ' except arc 
P which has center at P 
c 
Dots define cycloidal representation 
of minor principal stress paths 
X  = r (0 - I T  - sin 6) •n- ^ 0 < _ 2 T R  
y = r (1 - cos 0) + 
Figure 28. Circular arcs approximating minor principal 
stresses in a compacted embankment 
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y = r (1  - cos e)  +  (33)  
where was a constant linear function of the radius and 
was calculated directly by the geometric configuration of an 
embankment design. In Figure 27, slope of the embankment 
face was tan i, and W was one-half the width of embankment 
top. 
As mentioned previously, the mathematical process of 
solving such a system of equations for an orthogonal system 
was not readily accomplished. However, the two boundary 
planes--center line and slope face--were perpendicular to all 
cycloids and indicated paths of major principal stresses. 
Between those boundaries,major principal stress could be cal­
culated incrementally by following 0/2 from cycloid to cycloid 
from top of the embankment and summing increments. Minor 
principal stresses could be calculated incrementally along a 
cycloid beginning at the slope face. 
In generating cycloids, a constant incremental value of 
cos 0/2 was used so that the arc length between points was a 
constant, and the total arc length, L = 4r (1 - cos 0/2), As 
coordinates of points on the cycloids were known, areas and 
directional weight components could have been mathematically 
calculated for incremental areas. It would have been 
necessary to calculate the intersection of perpendiculars of 
one cycloid with those of an adjacent cycloid, and use such 
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points and slopes of tangents to determine stresses. In 
this manner, calculations would be similar to a finite ele­
ment analysis, except that grid points would be assigned 
along planes of principal stresses. 
By looking at points defining the cycloids, which were 
all similar, a straight line could be drawn connecting 
similar points. The radius of curvature is tangent to the 
evolute of each cycloid. However, straight lines drawn 
through similar points intersected at a point on the vertical 
axis, and closely approximated the radius of curvature, 
Figure 27. Using this simplification, directions of major 
principal stresses were directed along straight lines away 
from a common point located at a distance of W tan i above 
the embankment centerline. As the arc length between points 
was a constant for each cycloid, the angle between simplified 
major principal stress lines was nearly a constant and could 
be calculated by dividing the complement of the slope angle, 
i, by the number of increments defining the cycloids. Using 
coordinates of a point on the line, the angle from vertical 
for each line could also be calculated as arc tan [x/(y + W 
tan i)]. 
To calculate principal stress on a plane between any 
two adjacent points along a common cycloid, the area above 
the two points between two intersecting straight lines may be 
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obtained from simple trigonometry. Applying a unit weight 
value (per foot of width), resolving weight component per­
pendicularly to the plane of interest (using the average of 
the angles from vertical of the two lines) and dividing by 
the distance between points, principal stress may be found. 
It was noted that translated cycloids could be closely 
approximated by a circular arc, the center of which, P, was 
found by trial and error, located horizontally within a dis­
tance W from point P', Figure 28. However, by using the point 
P' as center, circular arcs could be drawn to approximate 
paths of minor principal stresses. Radial lines represented 
directions of principal stress. As before, incremental areas, 
directional weight components, and principal stresses could be 
calculated from trigonometry. 
Using this concept, stress analysis of an embankment is 
simplified by locating the point of intersection of the 
slope face with the center line, drawing circular arcs from 
that center point, and calculating area, weight components, 
and principal stresses. By this method, an incremental area 
can be described as a function of incremental radial dis­
tance and incremental central arc. Any incremental area 
can then be calculated by using the appropriate radial 
distance and the angle from vertical of the radial lines. 
As shearing stresses do not exist along principal 
planes, an embankment may be simply analyzed by accumulating 
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principal stresses over incremental areas. The Iowa K-Test 
provides data for determining strain from the magnitude of 
the major principal stress. By using the principal stress 
found by either of the methods described, a corresponding 
strain from the Iowa K-Test may be applied to an incremental 
area. By summing strains along principal planes, the total 
embankment deformation may be calculated. A computer may 
be programmed with necessary relationships to perform area 
calculations and mathematical manipulations very rapidly. A 
two-dimensional plotter receiving data directly from the 
computer provides a graphic display of the analysis. 
Characteristics of a cycloid 
As previously mentioned, a cycloid is the curve pro­
duced by a point on the circumference of a circle rolling 
along the horizontal axis without slipping. In this paper, 
the horizontal axis is defined as the X axis, and the verti­
cal axis as the Y axis, with the positive Y direction being 
downward, the direction of gravity. The circle rolls along 
the "underside" of the X axis, which is positive to the 
right, Figure 29. 
The equation of a cycloid can be written as follows: 
X = a cos (34) 
but is more clearly defined in parametric form: 
Cusp 
2ry TT 
2 Evolute 
of 
cycloid 2r 
•" Vertex 
Involute 
of 
Cycloid 
x = r (0 - sin 0) ^ = r (1 - cos 0) 
y = r CI - cos 0) Il - r sin e ^os e 
Length of cycloid to (x, y) L = 4r (1 - cos 
2 36 1 Area under survey to (x, y) A = r - 2 sin 0 + -^ sin 20) 
Figure 29. Mathematics of a cycloid 
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X = r (0 - sin 6) (35) 
y = r (1 - cos 9) ( 3 6 )  
where r is the radius of the generating circle and 6 in 
radians is the angle through which the circle has rotated 
since leaving the origin. A point on the generating circle 
returns to the X axis each time the circle has rotated 2TT 
radians, at Zirr intervals, the circumference of a circle. 
These points are referred to as "cusps" of a cycloid. The 
"vertex" of a cycloid is the midpoint, the lowest point, 
when the generating circle has rotated TT radians with respect 
to the origin (42, 54, 77a, 82). 
At any instant, 0 £ 0 ^  2 tt, the geometry of the cycloid 
can be observed, Figure 29. G is the angle of rotation be­
tween the radius AB of the generating circle at the point of 
contact with the X axis, and tne radius AC contacting the 
point on the generating circle originally at the origin. A 
line connecting these two contact points is perpendicular to 
tne tangent of the cycloid, which tangent always 
passes through the "lowest" point on the generating circle. 
Lengths and angles of various components are determined from 
geometric and trigonometric relations. 
The area under a single cycloid is exactly equal to 
three times the area of the generating circle. The area 
under a segment starting at the origin may be determined 
1 2 2  
by the following equation: 
A = [3 0/2 - 2 sin 0 + (1/4) sin 20] (37) 
where r and 0 have been previously defined. The length of a 
cycloidal arc for one complete cycloid is exactly eight times 
the radius of the generating circle. The arc length of a 
desired segment from the origin can be calculated from the 
following relationship: 
L = 4r [1 - cos 0/2] (38) 
Two rigid cycloids can be constructed along a horizontal 
axis, a string of length 4r attached at the middle cusp, and 
a weight attached to the string, Figure 29. The weight 
reaches exactly to the vertexes of the cycloids. When allowed 
to swing, the weight describes a path called the "involute" 
and is another cycloid identical to the two rigid cycloids. 
This is a property unique to the cycloid. The period of 
oscillation of the weight is independent of the original 
displacement. This means that no matter where along the 
arc the weight is started, the time required for one complete 
oscillation is a constant. Again the cycloid is the only 
curve with this property, and the time required for the weight 
to reach the lowest point is ir Vr/g, the least time compared 
to any other path, and the solution to the brachistochrone. 
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It can be seen from Figure 29 that the center of curva­
ture of the cycloid is at the point of tangency of the 
string with the upper rigid cycloid, the "evolute". The ra­
dius of curvature is the length of the free swinging string, 
and has a magnitude v/sry or 2 /2ry. The radius of curvature 
varies in magnitude from zero to 4r and is always bisected by 
tne X axis. Distance to the swinging weight from the X axis 
measured along the string (perpendicular to tangent of the 
cycloid) is s/lxy. Velocity attained at any point is \/2gy. 
Angle of string with the X axis is 0/2. 
As length of the radius changes, size of the correspon­
ding cycloid changes, Figure 30. A straight line from the 
origin intersects all cycloids at points of equal 9 angle. 
This can be seen by looking at the slope of a line passing 
through the origin and any point along a cycloid: 
Slope of the line is dependent only upon 6, and for any giv­
en slope between zero and infinity, there exists a unique val­
ue of 0, O_<0j<2 ir. However, for a given slope, 0 is not 
readily obtainable mathematically, as a function involving 
0, sin 0, and cos 0 must be solved. An iterative process, 
greatly facilitated by computers and programmable calcula­
tors works very well. 
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>X 
sin 0) 
cos e)  
Figure 30. Similarity of cycloids 
2r 
Figure 31. Translation of similar cycloids 
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constant. 
y = r (1 - cos a 
Oi 
= r (a - sin a) ) 
'a 
-> X 
Xg = r (g-sing)+ constant 
r - r (1-cos 3) 
Figure 32. Cycloids intersecting at right angles 
-> X 
V 
X = a (1 - cos a) 
".y - a (a - sin a) 
X = bC3 
y = b(l 
sin B) 
cos 3) 
TT 
% 
Figure 33. Cycloids generated orthogonally 
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If points at equal 0 angle of several cycloids 
were all translated along a line passing through the origin, 
and brought together at one point, origins 
of all translated cycloids would lie along a straight line, 
Figure 31. For 0 < TT, the tangent to all cycloids at that 
TT 0 point would make an angle of j  ~ 2* ^ith the horizontal axis. 
Another property of the cycloid was mentioned in the 
work by Nadai on cycloidal slip planes (61, 62, 63). An 
orthogonal system of slip planes exists in the mass between 
two rigid plates as shown in Figure 32. At the intersection 
of any two cycloids, the angle between their tangents is ÏÏ/2. 
This is easily shown in the following manner. When x^ = X2 
and y2 = y^, then. 
r (1 - cos a) -r=r-r(l- cos 3) (40) 
or, 
1 - cos a-l=l-l+ cos 3 (41) 
or. 
-cos a = cos 3 (42) 
This says that a and 3 are supplements, a + 3 = it. Dif­
ferentiating , 
dy, 
3x 
a _ sin g 
~ 1 - cos a 
a  
(43) 
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and 
= - sin 3 
dXn 1cos g (44) 
Multiplying Equations 43 and 44 
( 
1 -
sin a ot -, .-sin 3 ^ rsin 3 .-sin 3 % 
cos ^1 - cos 3 1 + cos 3 1 - cos 3 
-sin^3 = 
s in ^3 
(45) 
1 - cos^3 
This is valid at all points of intersection and shows that 
the curves are orthogonal. 
Another geometric configuration is produced by generating 
cycloids along the X and Y axis, Figure 33, and determining 
the angle between tangents at any point of intersection. 
The procedure for determining the angle of intersection be­
tween any cwo cycloids first requires iteration to find coor­
dinates of intersections, (x, y). The angle is not a constant 
for all points, but is 0.841 +_ 0.035 radians (48.2° 2°) in 
the area bounded by lines with slopes 2/1 and 0.5/1, Table 5. 
Values are tabulated between horizontal and 1/1 slopes. Cal­
culations are symmetrical about the line of 1/1 slope, and 
values for slopes steeper than 1/1 are found under the in­
verse of the slope. It is possible that this property may 
be found useful in describing the angle between the two 
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Table 5. Intersecting cycloids generated orthogonally 
Z 
x a 3 a + 6 I / ! - !  
1 2.4120 2.4120 4.8240 0.84120 
0.88966 2.2249 3.6017 4.8266 0.84250 
0.85978 2.1706 2.6578 4.8284 0.84380 
0.81808 2.0928 2.7389 4.8317 0.84505 
0.77870 2.0165 2.8194 4.8359 0.84715 
0.75271 1.9652 2.8741 4.8393 0.84885 
0.69890 1.8546 2.9935 4.8481 0.85325 
0.69253 1.8412 3.0082 4.8494 0.85390 
0.63662 1.7203 3.1416 4.8619 0.86015 
0.61950 1.6821 3.1843 4.8664 0.86240 
0.53873 1.4952 3.3981 4.8933 0.87585 
0.45417 1.2870 3.6762 4.9632 0.91080 
0.36139 1.0446 3.9514 4.9960 0.92720 
0.24929 0.73442 4.3790 5.1134 0.98590 
possible rupture surfaces in a failing soil mass. 
Characteristics of a catenary 
The catenary is a special application of the hyperbolic 
cosine function, derived from the geometry of a chain suspended 
firmly at both ends and allowed to sag. A parabola is formed 
by a weight uniformly distributed horizontally, but the 
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catenary has a constant weight per unit o£ arc length. A 
summary of the catenary and some of its characteristics are 
hereby.presented (42, 54, 77a, 82). 
Figure 34a shows the basic configuration and force 
diagram of a catenary. The horizontal tensile force is H 
at the lowest point. A, and the tangential tensile force is T 
at point P. Unit weight of the chain is w, and an arc segment 
of length s is considered. The weight of the segment, ws, 
acts downward at the center of gravity. The X axis is also 
the "directrix" and is located at a distance "a" from the 
lowest point of the catenary. Length a = H/w is the "para­
meter" of the catenary. As the parameter increases in 
magnitude the curve flattens. 
The horizontal tensile force, H, is a constant along the 
chain, the product of unit weight times a length of chain 
equal to the value of the parameter a, H = wa. The angle of 
the tangent to the horizontal at P is ijj, and tan ip = ws/H = 
ws/wa = s/a. Since tan ip is the slope, ^  = tan >1^ = f--
Through substitution and integration, 
X = a sinh ^ | (46) 
or 
s = a sinh ^  (47) 
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Y T 
ws 
a cosh 
H=Constant wà 
a sinh 
Parameter a 
Q Directrix R 
Figure 34a. Mathematics of a catenary 
Y 
Figure 34b. Mathematics of a catenary 
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Again by substitution and integration, 
(48) 
and 
y = a cosh ^ ( 4 9 )  
Arc length, s, from A to P is equal in length to OQ, 
Q being located by passing a line through A perpendicular 
to the tangent from P and intersecting the directrix. 
Length of ÂQ is equal to the perpendicular distance from 
the directrix to P. The radius of curvature, R^, is equal in 
magnitude to the normal distance from P to the directrix at 
R. In summary, 
y = a cosh ^ ^ + e = AQ ( 5 0 )  
s = a sinh ^ = OQ (51) 
( 5 2 )  
R 
c 
PR = I 
a 
(53) 
For use in structural arches, inverted catenaries are 
used as depicted in Figure 34b with positive y downwards. 
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The catenary passes through the origin when the value of the 
parameter, a, is subtracted: 
y = a cosh ^ - a = ^ + e - a 
It is also shown (Figure 34b) that if a line is drawn through 
the origin with slope y/x, a tangent to any catenary along 
that line makes a constant angle, \p, with the horizontal axis. 
This is seen by letting y/x be any constant. 
z  . a cos h C x / a ) ' ^  . cos h  ( x / a y ^  . constant (55) 
X .  X  x/a ^ 
Therefore, x/a must be a constant, and so must sin h x/a, 
which is ilj. 
Characteristics of a logarithmic spiral 
ThJ^^ogarithmic spiral has been applied to engineering 
# 
mechanics and soil engineering for many years and has a 
theoretical basis in the analysis of perfectly elastic mate­
rials. Also called the equiangular spiral,this curve may be 
expressed in polar coordinates, In r = a 0. More commonly, 
3.0 
r = e , where a is some constant, r, radial distance from 
the origin, and 0, the angle in radians measured from a 
reference radial (42, 54, 77a, 82). 
As shown, the reference radial has a dimension of unity, 
Q 0 
but one may write r = r^ e , in which the reference radial. 
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r^, may be assigned any convenient value, Figure 35. The 
constant, a, is defined as the tangent function of some 
angle, a. The practical characteristic of a logarithmic 
spiral is that all radiais make a constant angle, a, with the 
tangent to the curve. As a approaches zero, the curve 
approaches the shape of a circle. 
In soil mechanics, a has been set equal to the angle of 
internal friction of soil at failure. For a cohesionless 
material at failure, the resultant vector at any point along 
a potential rupture surface is directed through the origin, 
a convenient property for solving slope stability or pressure 
on retaining walls. However, a common fallacy is assuming 
the asymptotic origin as the center of rotation of a sliding 
soil mass. Center of curvature of points along a log spiral 
are located on the evolute of the curve, not at a fixed point. 
Moments may be calculated about any desirable point, but 
false assumption of center of rotation produces conflicting 
results (25, 26). 
For the analysis of an embankment on a rigid foundation, 
two conditions regarding a potential rupture surface are 
fixed. First is that the curve defining such a condition be 
vertical at the intersection with the horizontal top of 
the embankment. Second, the rupture surface at the toe makes 
an angle of ^  j radians with the slope face. If the 
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embankment is supported by a rigid foundation, the angle 
^ - Y must be less than or equal to the angle of the embank­
ment face, i. When equal, the rupture surface is horizontal 
at the toe of slope. 
At these limiting conditions it is possible to calculate 
the slope between uppermost and lowermost points. Rectangular 
coordinates of the two points are determined. From 
r = r^ e tan a (56) 
and 
X = r cos 6 (57) 
y = r sin 8 (58) 
when 0 = a  (vertical tangent at upper point), 
= r^ cos 0 (59) 
yy = r^ sin 0 (60) 
and for 0 = j + a  (horizontal tangent at lower point), 
x^ = rj^ cos (^ + a) = -r^ sin a (61) 
y^ = r^ sin (^ + a) = r^^ cos a (62) 
The slope can then be calculated between those two points. 
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h 
cos a - r sin a 
V  
sin a - Ty cos a 
r * G) tana 
0 
cos a - r^e 
o 
atana 
sin a 
r * o) tana s ma + r^e atana COS04 
o 
Y tana 
e cosa - sin a ( 6 3 )  
Y tana 
sin a + cos a e 
which is seen to be dependent only on a .  As  a  decreases 
the slope approaches a value of n/4, and as a increases, 
slope decreases. A slope stability analysis may therefore 
be performed on virtually any slope using a logarithmic 
spiral to define a probable rupture surface. Rupture 
surface at toe of slope (x^, y^), Figure 35, makes an angle 
of 77/4 - (j)/2 radians to slope face which is inclined at an 
angle, i, from horizontal. From this geometric configura­
tion, the relationship between a and 0 at (x^, y^) may be 
calculated. The other limiting condition requires that the 
logarithmic spiral intersect surface of embankment verti­
cally at (Xg, y^). 
For any given height of embankment, an infinite number 
of logarithmic spirals may be defined in conformance with 
the limits mentioned. By changing the length of reference 
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0tan a 
r sin 
Cx, y) 
Figure 35. The logarithmic spiral applied to slope stability 
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radius, r^, and adjusting a which defines 6, numerous 
rupture surfaces for analyses may be produced. Additional 
criteria are required for analysis and selection of the 
appropriate "critical" logarithmic spiral. A unique curve 
is produced by a cycloid for a given embankment of 
specified soil properties, and is, therefore, preferable to 
a logarithmic spiral. 
Presentation of Model 
Review of analytical techniques applied to earth pressure 
and slope stability indicated weaknesses of commonly applied 
theories. Based on some historically significant analyses 
of actual field situations, the neglected cycloidal family 
of curves was reexamined for use in soil mechanics. The 
applicability and compatibility of orthogonal families of 
cycloids and catenaries to define paths of major and minor 
principal stresses in idealized soil systems has been 
explained, and adaptation of an idealized concept to a prac­
tical situation pertaining to embankments was demonstrated. 
An hypothesis for determining orientation and magnitude 
of principal stresses within a compacted embankment or a 
rigid foundation was developed. Rupture failure was postu­
lated to occur within a plastic zone and was proposed to 
follow a cycloid when embankment exceeded a critical height. 
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The procedure for embankment analysis begins by locating 
a rectangular coordinate system on top with the origin on 
centerline. The abscissa is horizontal with the positive 
direction down slope. The ordinate is vertical, positive 
direction downward. Units correspond to dimensions of the 
embankment, sketched to some convenient reduced scale, 2W 
units wide on top, with the slope face making an angle, i, 
to horizontal. Wet unit weight, w, cohesion, c, and angle 
of internal friction, *, are known properties of the embank­
ment material. Calculations require that angles be in 
radians. 
Cycloids which define paths of minor principal stresses 
are located such that the ordinate is intersected horizontally, 
and cycloids are perpendicular to the slope face at points 
of intersection. The number of cycloids determines precision 
of the procedure, and five or more are desirable. To 
describe each cycloid, the same number of points as there are 
cycloids should be used. 
From Figure 28, maximum angle of the generating circle, 
0^, for cycloids is determined simply as: 
8^ = 2 (n - i) (64) 
Points on slope face for each cycloid are calculated as: 
Xi = r (6^ - IT - sin 6^) (65) 
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y. = r (1 - cos 0.) + K 1 ^ 1-^ r (66) 
where, 
Ky = [r - TT - sin 0^^) - W] tan i 
r(l - cos 0^) ( 6 7 )  
Size of the radius of the generating circle, r, changes, 
but is a constant for each individual cycloid. 
Calculations are most convenient if increments of r 
are equal and largest values of (x^, y^) correspond to 
coordinates of the toe of slope. Also, equal arc lengths of 
a cycloid are best, and depend on the cosine of one-half the 
angle of rotation of the generating circle increasing in 
equal increments. This is accomplished by dividing the co­
sine of 0^/2 by the number of cycloids, n, and calculating 
0 for each integer multiple of (cos 0^/2)/n. Points (x, y) 
along each cycloid of radius, r, are calculated by: 
where is as previously defined. 
A point, P, is located on the ordinate, W tan i units 
above the origin, which is the intersection of the extended 
slope face with centerline. From this point, P, a radial 
X = r (0 - TT - sin 0) ( 3 2 )  
y = r (1 - cos 0) + K 
r 
( 3 3 )  
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straight line connects points of equal 0 angle for all cy­
cloids. As the cycloids represent paths of minor principal 
stresses, radial lines represent paths of major principal 
stresses. Earth pressures at calculated points may be 
easily determined. If stress and strain relationships are 
known, such as from the Iowa K-Test, deformation of an em­
bankment may be determined. 
Slope stability analysis is performed by considering a 
unique probable rupture surface described by a cycloid. The 
rupture surface at toe of slope makes an angle of ÏÏ/4 - 0/2 
radians to the slope face, which is inclined i radians from 
horizontal. 0^ is the maximum angle of rotation of generating 
circle for the rupture cycloid and is calculated as: 
8m = IT + - * 
The rupture cycloid is described by: 
Maximum y is height of embankment. Knowing 0^^, radius of 
the rupture cycloid is calculated, from which distance, x, 
may be found and the origin located. Points along the 
rupture surface may be found and compared with the system 
of major and minor principal stresses previously described. 
X = r (0 - sin 0) C 3 5 )  
y = r (1 - cos 0) C 3 6 )  
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Stresses along the probable rupture surface may now be 
determined. From the Iowa K-Test, maximum allowable stress 
ratios are known and factor of safety may be calculated. 
Strains along the possible rupture surface may also be pre­
dicted. 
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PRACTICAL APPLICATION OF MODEL 
Applicability and compatibility of the orthogonal 
families of. curves defined by cycloids and catenaries were 
explained and discussed in previous sections. A model was 
presented adapting the concept to embankments for analyzing 
earth pressures and slope stability. Application of this 
particular procedure to embankments on the Transgabon Rail­
road is hereby presented. 
Average strength parameters of c = 5 psi (34 kPa) and 
(ji = 35° (0.6109 radians) as determined in previous sections 
were used. Typical wet unit weight from construction tests 
3 
and K-Test specimens was 120 pcf (18.9 kN/m ) at a moisture 
content of 20%. The embankment analyzed had a foreslope of 
3 horizontal to 2 vertical, a height of 115 ft (35 m), and a 
top 2 x 11 ft (2 x 3.35 m) wide, Figure 36. 
Earth Pressure and Settlement Analysis 
A system of cycloids was developed according to equations 
presented in the previous section. For the given slope of 
2/3, the slope angle, i, was 0.58800 radians, and 
0^ = 2 (tt - i) = 5. 1072 radians (68) 
From, the given geometry, toe of slope was calculated to be 
183.5 ft (55.93 m) from centerline, and 
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W = 11 ft 
4 h-
-iL C, 
7.333 ftfX 
-172.5 ft 
C = 5 ps j.=720',psf (34 .'5kPa) 
(J) = 35° = 0.6109 radians 
W = 120 pcf (18.85 kN/m^) 
i = arc tan 2/3 = 0.588 
Loid #1 radians = 33.69° 
.= 2 (iT-i) = 5.107 radians 
^ = 292.6° 
115 ft 
Cycloid #2 (1,0) 
(node) 
Radial 
# 2 
Radial 
# 3 
Radial 
# 1 
X = r (6 - ÏÏ - sin 6) ^ & G 1 2^ 
y = r (1 - cos 0) + 
K = [r (0^ - ÏÏ - sin 9^) - w] tan i - r (1- cos 6^) 
To find the radius of cycloid passing through toe of 
slope 
^i ~ '•^i ' ^^tan i = 115 ft 
r = (3/2)(115 = 63.525 ft 
6. - ÏÏ - sin 9. 
Figure 36. Simplified embankment design and analysis 
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x  = r ( 0 j ^  - ÏÏ - sin 0 ^ )  = 183.5 ft (69) 
from which the radius was found to be 63.25 ft (19.36 m). 
In a similar manner the radius of a cycloid passing through 
the top of the foreslope (x = 11 ft) was found to be 3.808 ft 
(1.16 m). Radial difference between these two limiting 
cycloids could be divided into any desired number of incre­
ments, and corresponding cycloids determined for each incre­
ment. Three intervals were used for this example, and three 
intervals described each cycloid. 
Incremental cos 0/2 for equal cycloidal arc lengths was 
calculated by taking the cosine of one-half the maximum 
angle of rotation of the generating circle and dividing by 
3, (1/3 cos 0^/2). End points (nodes) of three equal arcs 
with TT < 0 < 5.1072 were calculated, Table 6, and plotted 
on Figure 36. Knowing the coordinates of each point, incre­
mental areas were calculated, and by applying directional 
unit weight, average stress across an interval was found. 
Example calculations of principal stresses for the seg­
ment between cycloids 1 and 2 and radiais 2 and 3 are shown 
for sides between nodes (1, 2)-(2, 2) and (2, 2)-(2, 3). As 
the sides of segment described by cycloids were nearly 
parallel, directional weight component for minor principal 
stress was calculated from the angle of either side to 
horizontal, (0.77222 radians). An angle perpendicular to 
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Table 6. Calculations for cycloids 
Cycloid r, ft Kr 9, rad Radial X y 
0 3 . 8 0 8 .  -2.345 3.1416 0 0 5.271 
3.7036 1 4.169 4.685 
4 . 3 1 7 4  2 7. 992 2 . 9 2 8  
5.1068 3 10.999 0 
]. 23.714 2 3 . 7 3 2  3.1416 0 0 71.160 
3.7036 1 25.964 6 7 . 5 1 3  
4.3174 2 49.772 56.570 
5.1058 3 68.497 38.333 
2 43.619 49.808 3.1416 0 0 1 3 7 . 0 4 6  
3.7036 1 47.757 130.337 
4.3174 2 91. 550 110.210 
5.1068 3 125.991 76.665 
3 63.525 75.884 3.1416 0 0 202.934 
3.7036 1 69,552 193.163 
4 . 3 1 7 4  2 133.330 163.85] 
5.1068 3 183.488 114.998 
minor principal stress was used to determine the weight com­
ponent in major principal stress direction. 
From the coordinates of corner nodes, the area of the 
2 
cycloid segment was calculated as 2507.6 ft . With a unit 
weight of 120 pcf, weight of segment of unit thickness (1 
ft) was 300,912 lb. The component of the weight in the minor 
principal direction was inclined 0.77222 radians to horizontal 
with magnitude 209, 950 lb, 300,912 lb x. sin 0.7722. This 
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force was distributed across an area of 1 ft by 67.990 ft 
producing a minor principal stress of 3088,0 psf or 21.444 
psi (147.9 kPa). A force of 214,567 lb over an area of 1 ft 
by 48.078 ft resulted in a major principal stress of 4483.7 
psf or 31.137 psi (214.7 kPa). 
Ratio of minor to major principal stress (K-ratio) was 
0.6887 at node (2, 2). Although this average value was pro­
duced by a very large segment, comparisons could be made with 
results of the Iowa K-Test, Appendix B. Estimates of strain 
in major principal stress direction, or volume decrease over 
the segment of the embankment under consideration, could be 
made using an appropriate plot. Values of individual segments 
could then be summed to give an overall estimate of embank­
ment behavior. A major principal stress of 31 psi induced a 
minor principal stress of no more than 5 psi (K = 0.1 - 0.2), 
well below the in situ stress of 21 psi. Strain in the 
direction of major principal stress at 31 psi was 1-3% de­
pending on moisture content of specimen. 
A settlement estimate was made directly under the center 
line by a similar analysis. Using an average inclination 
to vertical of (1/2) x (0.33391) radians in three segments. 
Figure 36, the following average major principal stresses 
were calculated as: 
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(cos 0.1667)x(120 pc£)x(Volume, £t^)/(Area,£t^) (70) 
and, 
Segment 0: (118.34 pcf)x(15.753 £t^)/4.2102 £t^3= 
442.8 ps£ or 3.075 psi (21.2 kPa) (71) 
Segment 1: (118.34 pc£)x(1008.488 £t^)/ 
(26.2188 ft^) = 4551.9 ps£ or 31.61 psi 
(217.9 kPa) (72) 
Segment 2: (118.34 pc£)x(2585.228 £t^)/ 
(42.4372 £t^) = 7209.1 ps£ or 50.06 psi 
(345.2 kPa) (73) 
From Iowa K-Test results, Appendix B, vertical strains 
corresponding to vertical stress values £or a mixed fill 
specimen were 0.002 at 3 psi, 0.017 at 32 psi, and 0.025 at 
50 psi. Cumulative average strain for vertical depths of 
5.271, 71.160, and 115 ft was: 
(l/2)x(0.002)x(5.271) + (l/2)x(0.002 + 0.017)x 
(71.160 - 5.271) + (l/2)x(0.017 + 0.025)x 
(115.000 - 71.160) = 1.55 ft (0.47 m) (74) 
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Settlement of 1.55 ft under the centerline was the estimated 
total and did not take into consideration any time depend­
ency or any portion which may have occurred during con­
struction. More importantly, an analysis throughout a 
compacted embankment would make possible the determination 
of magnitude of differential settlement expected. By calcu­
lating total settlement for segments between the slope face 
and adjacent radial, a point at the intersection of slope 
face and top of embankment was seen to move downward and 
outward. As noted in field observations, when the upper 
region of the slope face settles, a bulge can often be 
found in the lower region of the slope, near the toe. 
Vertical component of shoulder movement was calculated to be 
about 0.5 ft (0.2 m) greater than settlement at centerline. 
Slope Stability Analysis 
A simplified, approximate slope stability analysis could 
be made by considering the maximum mobilizable shearing re­
sistance having been achieved along the entire length of a 
probable rupture surface. From equations of cycloids, total 
rupture arc.length was calculated as 223.41 ft, and weight 
3 
of possible rupture soil mass was 4907.6 ft x 120 pcf. As 
cohesion is generally assumed to be a constant value along 
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the entire rupture surface, a vector describing total 
cohesive force had to be parallel to a line passing through 
the origin of rupture cycloid and the toe of slope, making 
an angle of arc tan 115/174.01 to horizontal. Figure 37. The 
weight vector of the soil mass was vertical. As total shearing 
resistance vector would be collinear with cohesion vector, 
and normal force vector perpendicular to shearing resistance 
vector, magnitudes of normal and shearing forces were calcu­
lated : 
Weight = 588,918 lb (2620 kN) 
Arc tan 115/174.01 = 0.5840 radians 
Cohesion, C = (720 psf)x(223.41 ft)x(l ft) = 
160,856 lb (715.5 kN) 
Normal Force, N = (588,918 lb) sin 0.5840 = 
324,701 lb (1444 kN) 
Total Shearing Resistance, S = (588,918 lb) 
cos 0.5840 = 491,318 lb (2185 kN) 
Since from Coulomb's relationship, 
S = C + N tan (j) ' (75) 
where (j)' is the mobilized angle of internal friction, and 
can be calculated as; 
(p' = arc tan [(S-C)/N] 
160,856)/491,318] 
= arc tan [(324,701-
= 0.3218 radians (76) 
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1.51 ft 172.5 ft 
H h H 
5 psi = 720 psf [34.5 kPa) 
35° (0.6109 radians) 
115 ft 
174.01 
CQllS 
cl 
N tan (W 
Weight of mass = 588,918 It 
Cohesion, cl = 160,856 lb 
Normal force, N = 588,918 sin (arc tan -115^^) " 491,317 lb 
Shearing force, S = 588,918 cos (arc tan ~ 324,703 lb 
(j) ' = arc tan [(S - cl)/N] = 18.4° < 35° 
Figure 37. Simplified vectoral slope stability analysis 
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11 ft 
c = 5 psi = C34.5 kN/m^) 
(|) = 26° = 0.45379 radians 
w = 120 pcf (18.85.kN/m^) 
Coordinates of points in feet 
( 0 , 0 )  
(9.49, 0) 
(126, 76.67) 
(106.205, 98.986) 
(183.5, 115) 
To find Rupture Cycloid 
e = ^  - d) - 2. = 3.0826 radians 
y^ = r (1 - cos 0^) = 115 ft 
r = 57.55 ft 
X = r (6^ - sin 0^) = 174.01 ft 
Average Stresses at P 
= 61 psi (420 kPa) 
= 11 psi (76 kPa) 
Figure 38. Slope stability using a cycloidal rupture surface 
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Since the maximum mobilizable angle of internal friction was 
35° (0.6109 radians), slope failure was not indicated. How­
ever, this analysis was made in accordance with the commonly-
accepted assumption that an incremental deficit in shearing 
resistance is compensated for by any excess shearing resist­
ance along the possible rupture surface. When the cumulative 
shearing force equals cumulative shearing resistance, factor 
of safety is unity, and a rupture failure is considered to be 
incipient. 
For comparative slope stability analysis, a unique cy­
cloid defining the possible rupture surface was found using 
equations presented in previous sections. The angle of inter­
nal friction at the toe of slope of 26° (0.45379 radians) was 
determined in the discussion of P-Q diagrams from the Iowa 
K-Test. Maximum rotation of the cycloid generating circle 
was : 
0m - ^  - 0 - 2i ^ - 0.45379 - 0.58800 
3.0826 radians (176.62°) (77) 
As the vertical distance (y^^ from top of embankment to toe 
of slope was 115 ft, 
y^ = r(1 - cos 8^) = 115 ft = r(l - cos 3.0826) (78) 
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and, 
r = 115/1.9983 = 57.55 ft (17.54 m) (79) 
Therefore, 
X = r(0 - sin 0 ) = 57.55 ft (3.0826 -
m m m 
sin 3 . 0 8 2 6 ]  = 174.01 ft (53.04 m) (80) 
and since the toe of the slope was 183.5 ft from centerline, 
the origin of the rupture cycloid was 9.49 ft (2.89 m) from 
centerline, Figure 38. 
Stability calculations were made on the triangular 
segment at toe of slope to demonstrate procedure. A radial 
inclined 0.7859 radians to horizontal was drawn to define 
the limit of major principal stress acting on the increment 
of rupture cycloid. Volume of a unit width of material 
bounded by slope face, radial, and rupture cycloid was 3440 
ft^, for a weight of 412,800 lb (1836 kN) , and segment was 
1184 ft^ for a weight of 142,080 lb (632 kN). 
Average inclination of major principal stress was 
calculated as 1/2 (0.7859 + 0.5880) or 0.6870 radians, with 
stress distributed across an average area equal to 1 ft 
wide by the length of top of segment, 29.82 ft (9.089 m). 
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o = (412,800 lb)(sin 0.6870) = 
^ (29.82 ft)(l ft) 
60.96 psi (420.3 kPa) (81) 
Average minor principal stress for the triangular segment 
was considered to be perpendicular to the average major 
principal stress, and distributed across an average area 1 
ft wide by length of segment along the slope face, 69.10 ft 
(21.06 m). 
a = (142,080 lb) (cos 0.6870) ^  ^ggQ ps£ or 
(69.10 ft) (1 ft) 
11.04 psi (76.12 kPa) (82) 
According to the Iowa K-Test, a major principal stress 
of 61 psi induced a minor principal stress at failure of 
about 8 psi, whereas analysis showed an available average 
embankment minor principal stress of 11 psi. Thus, based 
on average stresses in the large segment analyzed, slope 
failure was not indicated near the toe of slope. However, 
if smaller segments in the vicinity of the toe had been con­
sidered, higher major principal stresses and lower minor 
principal stresses might have been found, indicating small 
localized zones under limiting stresses. Also, average 
strain at 61 psi was about 3% in the Iowa K-Test, so that 
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average embankment strain in the major principal stress 
direction was 0.03 x 1/2 x 69.10 ft or 1.04 ft. Although 
rupture failure was not indicated, cumulative strain along 
the slope face and differential settlement on top of the 
embankment may be excessive. 
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SUGGESTIONS FOR FUTURE RESEARCH 
While comparisons o f  samples of different colored schists 
revealed some general property differences, due to the large 
number of variables affecting any particular test, precise 
quantative differences could not be defined. Since the main 
emphasis is on embankment behavior in field situations, rather 
than to study the magnitude of these variations, it would be of 
more practical importance to determine the effects of the 
proportions of the various schists mixed in an embankment. 
Black and white schists, mixed in proportions of 0-100% with 
red and yellow schists, foi" determinations of the effects 
on field behavior, could establish practical limits on their 
use. 
The precision of the Iowa K-Test for predicting perfor­
mance of tested materials in field situations should be 
further investigated. Predictions of embankment behavior 
were made using a new mathematical model and K-Test data, 
and measurements from the field are needed for comparison. 
On-site tests should be made using the Iowa K-Test in addi­
tion to other instruments which could measure strength prop­
erties of soils in the field. Measurements of in situ 
stresses should be made at various locations within a com­
pacted embankment for comparisons with predicted values. 
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Surveying points should be established on a control embank­
ment for long-term monitoring of deformations. 
The Iowa K-Test itself has probably raised as many ques­
tions as it has answered. Presently a linear stress - strain 
response exists in mold stiffness. The effect of a linear 
restraining system with a different stiffness should be 
investigated, as well as non-linear systems. Greater pre­
cision in measurements during initial loading and seating 
would provide data on response of materials at low stress 
levels. Comparisons with stress-path triaxial tests.would 
add enlightenment as to mechanism of deformation within 
soil mass during testing. The changing properties of 
materials during testing should be studied, such as angle 
of internal friction, degree of saturation, and unit weight, 
and the effects of initial moisture content for a given 
unit weight on relationships developed during the Iowa K-
Test should be established. Studies could be made using a 
static vertical load and measuring lateral deflection over 
a period of time until a constant value was achieved for 
determining time-dependent relationships. 
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DISCUSSION OF RESULTS 
Details of results of the various investigations were 
presented in previous sections. No unusual deviations 
from expectations for typical soil materials were found. 
Replicate tests when performed produced only minor 
differences attributable to normal experimental error. 
This study did not attempt to determine causes of variations 
in properties of different colors of schist, rather it in­
vestigated the appearance of variations in which character­
istics, and to what extent. Insufficient data were gener­
ated to permit a detailed study, and only general overall 
comparisons were made. The differences noted appeared to 
be representative of the sampled strata. 
The Iowa K-Test produced information of a type pre­
viously unavailable by direct test methods. Application of 
results in a novel mathematical model for earth pressure 
and slope stability analysis gave reasonable predictions 
for behavior of compacted embankments on rigid foundations. 
These predictions should be reviewed in field studies. 
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SUMMARY AND CONCLUSIONS 
Samples of weathered Precambrian schists used as em­
bankment material for the Transgabon Railroad under con­
struction in Gabon, Equatorial Africa, and identified by-
color, were subjected to various tests for comparison of in­
dividual characteristics. Typical laboratory tests were per­
formed to determine specific gravity, particle size distri­
bution, and Atterburg limits of white, yellow, red, black., and 
grey schists. Samples of excavated strata from site 1, with 
lower specific gravities than that of a mixed sample from the 
compacted embankment, were non-plastic. The fill sample had 
a PI of 8.2, and all samples had liquid limits above 29, so 
according to the AASHTO System of Classification the soils 
are A-4, but close to the boundary with A-5. Particle size 
distribution curves showed the mixed schist fill sample as 
being slightly coarser than individual schists. 
Mica schist from a separate sampling site was finer in 
gradation than all other samples. It had a higher specific 
gravity and produced compacted laboratory specimens with 20% 
higher density at about one-half the water content. Plas­
ticity Index was 4.2, liquid limit was 35, and AASHTO 
classification was also A-4, close to A-5. 
Crystallographic analysis with X-ray diffraction did 
not show any obvious differences among samples, but differences 
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may have been masked by the large concentrations of quartz 
and mica. Elemental analyses were inconclusive except that 
manganese was detected only in the micaceous schist, and all 
samples contained aluminum, silicon, potassium, and iron. 
Definitive minéralogie identifications were not made al­
though the possible presence of kaolinite, halloysite, and/ 
or chlorite was discussed. Photomicrographs at SOOQx showed 
some unidentified individual structures, and the overall 
structure of mica schist was markedly different. 
The Iowa K-Test produced values of cohesion and angle 
of internal friction which varied for each schist sample 
with changing moisture content at the time of compaction, 
and with unit weight. Comparisons at similar moisture 
contents and unit weights showed that black and white schists 
generally had lower friction angles than other schists. The 
angle of internal friction was seen to decrease as test 
progressed, being lowest at highest stresses. 
Subsequent to elucidation of imperfections customarily 
prevailing in the realm of applied soil mechanics, an unusual 
analogy of the refraction of light in glass with non-uniform 
optical properties, to seismic wave front propagation in 
earth masses of changing density with depth, was contemplated. 
Occurring as a result of densification caused by overburden 
stresses, the latter state enabled the application of the 
brachistochrone solution, derived centuries ago by utilizing 
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the former system for the development of appropriate 
equations. Considering earth pressures to be transmitted in 
the manner of seismic forces, that is particle to particle 
contact with small displacement compared to the total dis­
tance over which energy was transmitted, similar equations 
could be solved involving the Law of Conservation of Energy. 
By accepting that soil behavior is compatible with the 
laws of nature, it was hypothesized that stresses in a soil 
system would follow least time paths between points, the brach-
istochrone. A cycloid, being the solution to the brachisto-
chrone, was found to compose, in conjunction with a special 
family of curves of the hyperbolic cosine function 
("catenaries) , an orthogonal system demonstrative of 
the distribution of principal stresses within an earth mass 
under the influence of gravity. Based on this premise, 
mathematical equations were developed enabling the computations 
of earth pressures within such a mass, and adaptation of pro­
cedures was shown for stress analysis within compacted em­
bankments, taking advantage of characterizing parameters de­
rived from the Iowa K-Test on samples of embankment materials. 
Further, by drawing upon theory of plasticity as appli­
cable to highly stressed soils, and experimental endeavors 
supported by mathematical explanations and field observations, 
cycloidally shaped curves were taken to define the location 
of plasticized zones within earth slopes for analyses 
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pertaining to the prediction of stresses and strains and 
probability of the occurrence of slope failure. . By 
performing laboratory tests on specimens prepared from 
materials used in embankment construction of the Trans-
gabon Railroad, behavioral material characteristics were 
available for inclusion in postulated mathematical models, 
and consequential values of pressure and deformation were 
predicted. For a typical embankment on the Transgabon Rail­
road, 115 ft (35 m) high with 2:3 foreslopes, found to be 
stable, a centerline settlement of 1.55 ft (0.47 m) was 
calculated with a shoulder settlement in excess of 2.05 ft 
(0.62 m), but field control studies in Equatorial Africa are 
needed for verification of in situ performance and precision 
of prognostications. 
With regards to the research hereby presented, lengthy 
studies and investigations have yielded the following con­
clusions : 
1. Samples of Precambrian schist strata identified by 
color from Transgabon Railroad construction sites have . 
similar minéralogie properties and varying engineering 
characteristics, except for grey-green mica schist which 
also differs in composition. 
2. The capability of the Iowa K-Test to characterize 
soil materials, define parameters such as cohesion and 
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angle of internal friction, and produce practical stress-
strain relationships, was shown to be quick and precise, 
making possible the rapid testing and analyses of specimens 
with dependable results. 
3. A novel mathematical model consisting of cycloids 
and catenaries can : a) be used to define the system of 
principal stresses existing in earth masses b) be adopted to 
various configurations such as embankments c) be used to predict 
in situ stresses and strains, and d) provide a means of 
determining the probability of slope failure. Rupture 
surfaces can be defined by a unique cycloid, making an angle 
of 45-^/2 degrees with the slope face at toe of slope, and 
being vertical at the upper end. 
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K-TEST RESULTS 
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Vertical Log Strain 
Vertical log strain versus vertical stress, lower red schist 
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Vertical Log Strain 
Vertical log strain versus vertical stress, yellow schist 
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Vertical Log Strain 
Vertical log strain versus vertical stress, white schist 
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Vertical Log Strain 
Vertical log strain versus vertical stress, black schist 
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Vertical Log Strain 
Vertical log strain versus vertical stress, mixed schist fill 
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Vertical Log Strain 
Vertical log strain versus K-ratio, upper red schist 
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Vertical log strain versus K-ratio, lower red schist 
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Vertical log strain versus K-ratio, yellow schist 
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Vertical log strain versus K-ratio, white schist 
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Vertical log strain versus K-ratio, black schist 
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Vertical Log Strain 
Vertical log strain versus K-ratio, mixed schist fill 
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Vertical log strain versus K-ratio, mica schist 
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Vertical stress versus volume strain decrease, upper red schist 
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Vertical Stress, psi 
Vertical stress versus volume strain decrease, lower red schist 
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Vertical stress versus volume strain decrease, black schist 
1 2 0  140 
0 kPa 
0) 
V) 
rt 
<u 
o 
<u Q 
d 
•H 
nJ 
f-. 
+J 
<D 
E 3 
r-4 
o 
> 
0 2 0  40 100  60 80 
Vertical Stress, psi 
Vertical stress versus volume strain decrease, mixed schist fill 
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Vertical log strain versus strain ratio, upper red schist 
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Vertical Log Strain 
Vertical log strain versus strain ratio, lower red schist 
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Vertical log strain versus strain ratio, yellow schist 
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Vertical Log Strain 
Vertical Jog strain versus strain ratio, white schist 
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Vertical Log Strain 
Vertical log strain versus strain ratio, black schist 
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